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Multiphase flows

Presence of drops and bubbles introduces 
nonlinearities into Stokes equation

The bad news:
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Sign of nonlinearity
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Slightly different conditions
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Surface tension

•Two ways to think about surface tension:

‣ Force per unit length

‣ Energy per unit area

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the

diffusive transport. It has a very similar structure to the Reynolds number, but where ν is

replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-

tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be

thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]
2

(45)

In micro-flows, surface tension effects are important compared with inertial and gravita-

tional effects. This can be seen by considering the Weber and Bond numbers, respectively:

We =
ρU2l

γ
(46)

Bo =
∆ρgl2

γ
(47)

Alternatively, we will consider the capillary length:

LC =

�
γ

ρg
(48)

Surface tension introduces a new pressure jump into the system:

Pcap = γ

�
1

R1
+

1

R2

�
(49)

where R1 and R2 are the principal radii of curvature locally.

References

[1] H.A. Stone, A.D. Strook, and A. Ajdari. Engineering flows in small devices: Microfluidics

toward a lab-on-a-chip. Annu. Rev. Fluid Mech., 36:381–411, 2004.

[2] B. J. Kirby. Micro- and Nanoscale Fluid Mechanics. Cambridge University Press, 2010.

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the

diffusive transport. It has a very similar structure to the Reynolds number, but where ν is

replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-

tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be

thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]
2

(45)

In micro-flows, surface tension effects are important compared with inertial and gravita-

tional effects. This can be seen by considering the Weber and Bond numbers, respectively:

We =
ρU2l

γ
(46)

Bo =
∆ρgl2

γ
(47)

Alternatively, we will consider the capillary length:

LC =

�
γ

ρg
(48)

Surface tension introduces a new pressure jump into the system:

Pcap = γ

�
1

R1
+

1

R2

�
(49)

where R1 and R2 are the principal radii of curvature locally.

References

[1] H.A. Stone, A.D. Strook, and A. Ajdari. Engineering flows in small devices: Microfluidics

toward a lab-on-a-chip. Annu. Rev. Fluid Mech., 36:381–411, 2004.

[2] B. J. Kirby. Micro- and Nanoscale Fluid Mechanics. Cambridge University Press, 2010.

Gives cohesion to liquids
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p+
p- p-

p+

Pressure inside a bubble larger than pressure outside

Pressure in a «plug» lower than outside

Consequence

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension. If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(47)

In micro-flows, surface tension effects are important compared with inertial and gravita-
tional effects. This can be seen by considering the Weber and Bond numbers, respectively:

We =
ρU2l

γ
(48)

Bo =
∆ρgl2

γ
(49)
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P-
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Liquid cylinder: Pressure approach

So the ratio of Z/w gives:

Z

w
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D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension. If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(47)

In micro-flows, surface tension effects are important compared with inertial and gravita-
tional effects. This can be seen by considering the Weber and Bond numbers, respectively:

We =
ρU2l

γ
(48)

Bo =
∆ρgl2

γ
(49)

What happens if the diameter is 
perturbed?
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Liquid cylinder

So the ratio of Z/w gives:

Z
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The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension. If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(47)

In micro-flows, surface tension effects are important compared with inertial and gravita-
tional effects. This can be seen by considering the Weber and Bond numbers, respectively:

We =
ρU2l

γ
(48)

Bo =
∆ρgl2

γ
(49)

A flow takes place from P+ to P-
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P - -

P - -

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension. If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(47)

In micro-flows, surface tension effects are important compared with inertial and gravita-
tional effects. This can be seen by considering the Weber and Bond numbers, respectively:

We =
ρU2l

γ
(48)

Bo =
∆ρgl2

γ
(49)

Which increases imbalance:
→ Instability

Rayleigh-Plateau instability

9dimanche 3 avril 2011



h

L

Drops and bubbles – Lecture N. 2:
Making drops

Charles Baroud

3 Février 2011

Anything you say about a drop starts with the same place : How do you make a drop ? To
understand this, we can start with the breakup of a liquid jet and look at the stability of the
cylindrical case. This means solving the Rayleigh-Plateau (RP) instability and finding the
size of drops, etc. Nonlinear effects become dominant at late times and determine the time
for breakup, in addition to the formation of satellite drops or not.
All of this however is modified by the presence of confinement which modifies the basic
setup of the RP problem. This leads us to the study of breakup in confined geometries, and
particularly in microfluidic channels.
See the article by Eggers and Villermaux, Rev. Mod. Phys., v. 71, 2008, for inspiration.

1 History and pretty pictures

– Motivations : Diesel engines, ink jet printers, galaxies, cutting tools, etc.
– Work began with da Vinci, and was followed by many including Savart, Plateau, Rayleigh,
based on Young and Laplace’s work.

– Plateau recognized that the jet wants to minimize its surface area, and so you can find a
critical wavelength λ/h0 = 2π. This did not agree with measurements of Savart (λopt =
8.76h0. Rayleigh realized that dynamics selects the most unstable wavelength, which is
λrayleigh = 9.01h0.

2 Scaling analysis of jet breakup

Cylindrical jet is always unstable to long wavelengths. One can ask two questions by scaling
arguments : Which wavelength will appear and how long will it take to break ?

2.1 Wavelength selection

Jet volume is
Vjet = πh2L

and its surface area is :
Ajet = 2πhL

When it breaks into N drops, volume and area are :

Vdrops = N · 4
3
πR3

1
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1

Jet volume

Surface area

Energy approach
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Drop volume
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critical wavelength λ/h0 = 2π. This did not agree with measurements of Savart (λopt =
8.76h0. Rayleigh realized that dynamics selects the most unstable wavelength, which is
λrayleigh = 9.01h0.

2 Scaling analysis of jet breakup

Cylindrical jet is always unstable to long wavelengths. One can ask two questions by scaling
arguments : Which wavelength will appear and how long will it take to break ?

2.1 Wavelength selection

Jet volume is
Vjet = πh2L

and its surface area is :
Ajet = 2πhL

When it breaks into N drops, volume and area are :

Vdrops = N · 4
3
πR3

1
and

Adrops = N · 4πR2

Equating volumes gives :

R3 =
3L

4N
h2

Taking ratio of areas then yields :
Ajet

Adrops
=

2R

3h

So the jet is unstable is the area of the drops is larger than the area of the jet, i.e. R∗ > 3h/2.
Wavelengths that are unstable are therefore λ ∝ R∗

Plateau “exact” result : λ = 2πh.

2.2 time to breakup

Define time to break as τbreak. The velocity of the fluid during the breakup is given dimen-
sionally by v = R/τbreak.
In reference frame of the jet (no body forces), write Navier-Stokes as :

ρ
∂v

∂t
+ ρ(v ·∇)v = µ∇2v −∇p

Dimensionally, the three terms are given as :
– Driving pressure term, from surface tension :

∇p ∼ γ

R2

– Viscous resistance :
µ∇2v ∼ µ

v

R2

– Inertial terms are both of the same order :

ρ(v ·∇)v ∼ ρ
v2

R

Two limits, either the breakup is given by a capillary/viscous balance (Re � 1) or it is given
by a capillary/inertial balance (Re � 1).
In the capillary/viscous case, the time to break is

τbreak ∼ µR

γ
(1)

In the capillary/inertial case :

τbreak ∼
�

ρR3

γ
(2)

Energy approach
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Conserve volume, 
compare areash

L

R
and
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Surface area is reduced if:

Minimize energy
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• Plateau (1850) presented 
this argument and predicted 
«optimal wavelength» to be 
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Rep. Prog. Phys. 71 (2008) 036601 J Eggers and E Villermaux

Figure 11. The breakup of different types of granular jets, among
them sand and lycopodium powder, from [34]. Even in the absence
of surface tension, denser ‘drop’ regions appear spontaneously.

Figure 12. Photographs of a decaying jet [40] for three different
frequencies of excitation. The bottom picture corresponds to
x = 0.683, which is close to the Rayleigh mode. At longer
wavelengths secondary swellings develop (middle picture,
x = 0.25), which cause the jet to break up at twice the frequency of
excitation. At the longest wavelength (top picture, x = 0.075) main
and secondary swellings have become virtually indistinguishable.
Reprinted with permission from Cambridge University Press.

viscosities. For example, in the case of glycerol Oh is increased
to 2, and by mixing both fluids a wide range of different scaling
behaviour can be explored. Finally, if the jet velocity is small
‘dripping’, gravity plays an important role, as measured by the
dimensionless Bond number

Bo = ρgh2
0/γ (7)

So, in the case of purely sinusoidal driving there are
four dimensionless parameters governing jet decay: the driving
amplitude A, the reduced wavenumber x, the Weber number
We and the Ohnesorge number Oh. The range of possible
dynamics in this huge parameter space has never been fully
explored; the most dramatic effect is that of viscosity, i.e.
by changing Oh. Figure 12 shows typical pictures of a
decaying jet of water that is forced at a distinct wavelength.
Increasing Oh significantly, for example by taking a glycerol–
water mixture, the breakup process changes substantially.
After the initial sinusoidal growth, a region develops where
almost spherical drops are connected by thin threads of almost
constant thickness, which now take quite a long time to break
(see figure 13). In general, the thread will still break close
to the swells. If the viscosity is increased further, the threads
become so tenuous before they break at the end, that instead

Figure 13. A photograph of a viscous jet [41] for a reduced
wavenumber of x = 0.268 and Oh = 0.5 . A thread has just broken
at the ends and is contracting into a droplet.

they break at several places in between in what seems to be a
random breakup process.

2.2. Hydrodynamic description

2.2.1. Navier–Stokes equation. The theoretical as well as
the numerical challenge in the study of jets is to solve the full
Navier–Stokes equation in the time-dependent fluid domain,
subject to forcing at the boundary. Even in a fixed domain this
is not a simple problem, but the main challenge here is to find
an accurate description for the fluid boundary. The strength of
the forcing is proportional to the mean curvature, which goes
to infinity as the jet radius goes to zero, making jet breakup a
very singular phenomenon.

The free surface moves with the local velocity; the most
elegant and general way to describe this is to introduce a
function C(r, t) which is defined in three-dimensional space,
and which is constant exactly on the surface of the jet. If v(r, t)
is the three-dimensional velocity field, then the motion of the
interface is described by the kinematic equation

∂tC + v · (∇C) = 0. (8)

The motion of the interface does not depend on the definition
of C, so there is great flexibility to define C according to a
specific numerical technique or to endow it with a specific
physical meaning.

The most important driving force of jet dynamics is the
Laplace pressure, i.e. the pressure jump $p across a curved
interface, producing an increased pressure inside a convex
surface:

$p = γ

(
1
R1

+
1
R2

)
≡ γ κ. (9)

Here R1 and R2 are the principal radii of curvature, and κ is
(twice) the mean curvature. If n is the outward normal to the
interface, then

κ = −∇δ' · n, (10)

where ∇ is defined to be restricted to the surface δ'. If the
jet is axisymmetric the surface may be defined by the height
function h(z, t), which gives the local radius of the jet. In this
description, the kinematic equation (8) becomes

∂t h + vz∂h = vr |r=h, (11)

and the mean curvature is

κ = 1
h(1 + h′2)1/2

− h′′

(1 + h′2)3/2
, (12)

8

Classic problem

• Rayleigh (1879) realized that 
dynamics must play a role in 
wavelength selection of 
λ>λcr

• He found λ=9h

Bo =
∆ρgl2

γ
(51)

A small Bo and small We mean that we can ignore gravitational and inertial effects.
We are left with a competition between surface tension and viscosity. This is measured by

considering the Capillary number:

Ca =
µU

γ
(52)

by considering the viscous stress:

τvis =
µU

L
(53)

vs. Capillary pressure jump:

Pcap =
γ

L
(54)

Re. Rayleigh Plateau instability :

λ � 2πr (55)
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Capillary length

h

Hydrostatic pressure:

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension.

Phs ∼ ρgh (47)

Pcap ∼
γ

h
(48)

Phs = Pcap ⇒ h ∼
�

γ

ρg
(49)

If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(50)

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension.

Phs ∼ ρgh (47)

Pcap ∼
γ

h
(48)

Phs = Pcap ⇒ h ∼
�

γ

ρg
(49)

If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(50)

Capillary pressure:

So the ratio of Z/w gives:

Z

w
∼ U0w

D
= Pe (43)

The Peclet number is therefore a measure of the convective transport compared with the
diffusive transport. It has a very similar structure to the Reynolds number, but where ν is
replaced with D. The Reynolds number can be thought of as a Peclet number for momentum!

6 Surface tension

Presence of drops or bubbles introduces nonlinearities into the otherwise linear Stokes equa-
tion.

The main ingredient that drops provide is surface tension γ. Surface tension can be
thought of in two complementary ways:

• It’s a force per unit length, which pulls on the interface.

γ = [N/m] (44)

• It’s an energy per unit area, that the drop tends to minimize.

γ = [J/m]2 (45)

In any case, surface tension is what gives cohesion to liquids and doesn’t exist in the case
of gases.

A consequence of surface tension is that the pressure inside a drop or a bubble is higher
than the pressure outside. Surface tension introduces a new pressure jump into the system:

∆Pcap = γ

�
1

R1
+

1

R2

�
(46)

where R1 and R2 are the principal radii of curvature locally. Because the two radii are
signed, the pressure inside a wetting plug is lower than the pressure outside.

We can compare the hydrostatic pressure inside a droplet with the pressure jump due to
surface tension.

Phs ∼ ρgh (47)

Pcap ∼
γ

h
(48)

Phs = Pcap ⇒ LC ∼
�

γ

ρg
(49)

If we equate the two, we get the capillary length, which is:

LC =

�
γ

ρg
(50)

Lau et al, 2003
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In micro-systems

Size always smaller than LC
Gravity can always be ignored→

Inertial effects can also be ignored

Viscous vs. Capillary competition

Bo =
∆ρgl2

γ
(51)

A small Bo and small We mean that we can ignore gravitational and inertial effects.
We are left with a competition between surface tension and viscosity. This is measured by

considering the Capillary number:

Ca =
µU

γ
(52)

by considering the viscous stress:

τvis =
µU

L
(53)

vs. Capillary pressure jump:

Pcap =
γ

L
(54)
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Multiphase flows in micro-channels

also generally be small in microfluidics. Note however that

inertial effects can come into play in certain situations of high-

speed flows, for example for high throughput or droplet breakup

situations. Finally, we will ignore the effects of gravity, which can

be quantified by taking the Bond number, which compares

gravity to interfacial tension, to be small: Bo ¼ Drgl2/g " 1,

where Dr is the difference in fluid densities, g is the acceleration

of gravity, and l a characteristic length scale.

This leaves interfacial tension and viscosity in competition

with each other, since both tend to become important at small

scales. The relative strength of the two is expressed by the

Capillary number Ca ¼ mU/g, where m is generally the larger

viscosity acting in the system. A low value of Ca indicates that

the stresses due to interfacial tension are strong compared to

viscous stresses. Drops flowing under such a condition nearly

minimise their surface area by producing spherical ends. In the

opposite situation of high Ca, viscous effects dominate and one

can observe large deformations of the drops and asymmetric

shapes.

In some cases of interest the velocity varies over a length scale

different from the radius of the drop, for example when the

channel geometry expands or contracts. In this case, a new

capillary number emerges, based on the characteristic magnitude

of the shear stress inherent to the flow mdU/ds, where s represents

a spatial direction. These stresses must still be compensanted by

the Laplace pressure, which yields Cas ¼ m(dU/ds)R/g. This

capillary number describes the magnitude of deformation

observed on a drop due to variations in velocity,11 for example as

a drop enters a bifurcating microchannel.12,13

B. Surfactant effects

The value of interfacial tension displays a strong dependence on

the local surface coverage with surfactant molecules. These

molecules are often added on purpose, in order to facilitate the

creation and transport of drops, but can also appear as impuri-

ties in the fluids or as by-products of chemical reactions. As such,

the value of interfacial tension can vary spatially if the surface

concentration displays spatial variations. This has an important

consequence as it introduces a tangential stress jump in eqn (1),

called Marangoni stress,

min

vuk
vr

in

¼ mout

vuk
vr

!!!!!

!!!!!
out

þVkg (2)

where Vk indicates the derivative along the tangent to the inter-

face at every point. For clean and isothermal interfaces, one

recovers eqn (1). The relation between g and the local surfactant

concentration is nonlinear, sometimes modelled through the so-

called ‘‘Langmuir model’’.14

A complete description of surfactant transport is beyond the

scope of this review but one can readily see that these molecules

can be transported either by the hydrodynamic flow (advection),

or through molecular diffusion, either in the bulk or along the

interface.15,16 In addition to their transport, surfactants are

characterised by several physico-chemical constants: (i) the

partition coefficient, which measures the relative bulk and

surface concentrations at equilibrium, as well as (ii) their

adsorption and desorption rates on the interface, which measure

the chemical kinetics. Finally, any change in the shape of a drop

will lead to local contraction or expansion of the interface, which

lead to an increase or a decrease, respectively, of surface

concentration.

All of the above mechanisms can lead to variations of inter-

facial tension along the drop surface, which will couple back with

the drop formation and motion, in addition to influencing

droplet fusion. Since different surfactant molecules have

different characteristics, changing surfactants can have a major

impact in drop behaviour regarding the areas covered in this

review. In this regard, stationary model experiments, such as the

pendant drop method for measuring surface tension, can help

guide the physical understanding. Practical microfluidics situa-

tions however often involve a complex interplay between several

effects which cannot be simply described in intuitive terms.

III. Droplet production in microchannels

The first step in the microfluidic life cycle of a droplet is its

production. Besides a few implementations of the drop-on-

demand technique based on the control of integrated micro-

valves, the majority of microfluidic methods produce droplet

volumes ranging from femtolitres to nanolitres. This is achieved

through passive techniques which generate a uniform, evenly

spaced, continuous stream.17 These strategies take advantage of

the flow field to deform the interface and promote the natural

growth of interfacial instabilities, thus avoiding local external

actuation. Droplet polydispersity in these streams, defined as the

standard deviation of the size distribution divided by the mean

droplet size, can be as small as 1–3%.

Not only should devices for making drops produce a regular

and stable monodisperse droplet stream, they also need to be

flexible enough to provide droplets of prescribed volume at

a prescribed rate. To this end, three main approaches have

emerged based on different physical mechanisms; they are best

described by the flow field topology in the vicinity of the drop

production zone: (i) breakup in co-flowing streams (Fig. 1), (ii)

breakup in cross-flowing streams (Fig. 2) and (iii) breakup in

elongational strained flows (Fig. 3).

In all three cases, the phase to be dispersed is driven into

a microchannel, where it encounters the immiscible carrier fluid

which is driven independently. The junction where the two fluids

meet is designed to optimize the reproducibility of droplet

production. Indeed, the geometry of the junction, together with

the flow rates and the physical properties of the fluids (interfacial

tension, viscosities) determine the local flow field, which in turn

deforms the interface and eventually leads to drop/bubble pinch

off. The size of the droplet is set by a competition between the

Fig. 1 Example of droplet production in a co-axial injection device. The

inner flow is produced by a thin round capillary and enters into a square

capillary.

2034 | Lab Chip, 2010, 10, 2032–2045 This journal is ª The Royal Society of Chemistry 2010

flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.
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Production

also generally be small in microfluidics. Note however that

inertial effects can come into play in certain situations of high-

speed flows, for example for high throughput or droplet breakup

situations. Finally, we will ignore the effects of gravity, which can

be quantified by taking the Bond number, which compares

gravity to interfacial tension, to be small: Bo ¼ Drgl2/g " 1,

where Dr is the difference in fluid densities, g is the acceleration

of gravity, and l a characteristic length scale.

This leaves interfacial tension and viscosity in competition

with each other, since both tend to become important at small

scales. The relative strength of the two is expressed by the

Capillary number Ca ¼ mU/g, where m is generally the larger

viscosity acting in the system. A low value of Ca indicates that

the stresses due to interfacial tension are strong compared to

viscous stresses. Drops flowing under such a condition nearly

minimise their surface area by producing spherical ends. In the

opposite situation of high Ca, viscous effects dominate and one

can observe large deformations of the drops and asymmetric

shapes.

In some cases of interest the velocity varies over a length scale

different from the radius of the drop, for example when the

channel geometry expands or contracts. In this case, a new

capillary number emerges, based on the characteristic magnitude

of the shear stress inherent to the flow mdU/ds, where s represents

a spatial direction. These stresses must still be compensanted by

the Laplace pressure, which yields Cas ¼ m(dU/ds)R/g. This

capillary number describes the magnitude of deformation

observed on a drop due to variations in velocity,11 for example as

a drop enters a bifurcating microchannel.12,13

B. Surfactant effects

The value of interfacial tension displays a strong dependence on

the local surface coverage with surfactant molecules. These

molecules are often added on purpose, in order to facilitate the

creation and transport of drops, but can also appear as impuri-

ties in the fluids or as by-products of chemical reactions. As such,

the value of interfacial tension can vary spatially if the surface

concentration displays spatial variations. This has an important

consequence as it introduces a tangential stress jump in eqn (1),

called Marangoni stress,

min

vuk
vr

in

¼ mout

vuk
vr
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where Vk indicates the derivative along the tangent to the inter-

face at every point. For clean and isothermal interfaces, one

recovers eqn (1). The relation between g and the local surfactant

concentration is nonlinear, sometimes modelled through the so-

called ‘‘Langmuir model’’.14

A complete description of surfactant transport is beyond the

scope of this review but one can readily see that these molecules

can be transported either by the hydrodynamic flow (advection),

or through molecular diffusion, either in the bulk or along the

interface.15,16 In addition to their transport, surfactants are

characterised by several physico-chemical constants: (i) the

partition coefficient, which measures the relative bulk and

surface concentrations at equilibrium, as well as (ii) their

adsorption and desorption rates on the interface, which measure

the chemical kinetics. Finally, any change in the shape of a drop

will lead to local contraction or expansion of the interface, which

lead to an increase or a decrease, respectively, of surface

concentration.

All of the above mechanisms can lead to variations of inter-

facial tension along the drop surface, which will couple back with

the drop formation and motion, in addition to influencing

droplet fusion. Since different surfactant molecules have

different characteristics, changing surfactants can have a major

impact in drop behaviour regarding the areas covered in this

review. In this regard, stationary model experiments, such as the

pendant drop method for measuring surface tension, can help

guide the physical understanding. Practical microfluidics situa-

tions however often involve a complex interplay between several

effects which cannot be simply described in intuitive terms.

III. Droplet production in microchannels

The first step in the microfluidic life cycle of a droplet is its

production. Besides a few implementations of the drop-on-

demand technique based on the control of integrated micro-

valves, the majority of microfluidic methods produce droplet

volumes ranging from femtolitres to nanolitres. This is achieved

through passive techniques which generate a uniform, evenly

spaced, continuous stream.17 These strategies take advantage of

the flow field to deform the interface and promote the natural

growth of interfacial instabilities, thus avoiding local external

actuation. Droplet polydispersity in these streams, defined as the

standard deviation of the size distribution divided by the mean

droplet size, can be as small as 1–3%.

Not only should devices for making drops produce a regular

and stable monodisperse droplet stream, they also need to be

flexible enough to provide droplets of prescribed volume at

a prescribed rate. To this end, three main approaches have

emerged based on different physical mechanisms; they are best

described by the flow field topology in the vicinity of the drop

production zone: (i) breakup in co-flowing streams (Fig. 1), (ii)

breakup in cross-flowing streams (Fig. 2) and (iii) breakup in

elongational strained flows (Fig. 3).

In all three cases, the phase to be dispersed is driven into

a microchannel, where it encounters the immiscible carrier fluid

which is driven independently. The junction where the two fluids

meet is designed to optimize the reproducibility of droplet

production. Indeed, the geometry of the junction, together with

the flow rates and the physical properties of the fluids (interfacial

tension, viscosities) determine the local flow field, which in turn

deforms the interface and eventually leads to drop/bubble pinch

off. The size of the droplet is set by a competition between the

Fig. 1 Example of droplet production in a co-axial injection device. The

inner flow is produced by a thin round capillary and enters into a square

capillary.
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Figure 1: Snapshots of the system in the dripping (a) and in the jetting (b) regimes. Experimental conditions are (a) Qi =
5 µL/min, Qe = 30 µL/min and (b) Qi = 14 µL/min, Qe = 30 µL/min.
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Figure 2: (a) Co-flowing geometry. Inner fluid has viscosity ηi
and is injected at flow rate Qi, while outer fluid has viscosity
ηe and is pushed at flow rate Qe. (b) Schematic picture of the
propagation of perturbations in a jet whose interface moves
with velocity U . v− and v+ represent the edge velocity of a
wave packet composed of unstable perturbations.

downstream the instability is said to be convective and
this has been related to the jetting regime, in which the
fluid velocity is high enough to advect the instabilities
and induce breakup away from the nozzle.
Guillot et al. [9, 10] and Herrada et al. [14] have per-

formed stability analyses for the confined liquid jet in a
co-flowing liquid. They predict a transition from an ab-
solute to a convective instability at a critical value of Ca,
in the limit of negligible inertial forces. These authors
find a good agreement between this theoretical critical
value with the observed value of Ca at which the sys-
tem switches from dripping to jetting, confirming that
the two transitions are related. However, there exist no
detailed comparisons between the theoretical predictions
and the experiments beyond the threshold of the transi-
tion, which is the subject of this paper. In particular, we
perform a frequency and wavelength analysis in both the
jetting and dripping regimes and compare the measure-
ments with the theoretical predictions. We also demon-
strate the possibility to force the breakup of the liquid
jet with an external stimulus, which allows us to control
the drop size in the jetting regime.
In the next section we present the experimental setup

used for the experiments. Section III presents the ex-
perimental results. In Section IIIA we present the mea-

surements of the flow in the absence of external forcing.
Then, in Section III B we study the response of the flow
to an external perturbation induced with laser heating.
Section IV summarizes the existent theories concerning
confined liquid jets, whose predictions are compared with
our experimental results in Section V. Finally, Section VI
summarizes the results and conclusions.

II. METHODS

A. Experimental setup

Our experiments are performed inside a straight 5 cm
long microchannel of square cross section. The mi-
crochannel mold is produced by lithography using four
layers of a photoresist of thickness 50 µm each (Etertec
XP-800-20) on a glass slide. The channel is then repli-
cated in PDMS prepared in a 10:1.5 ratio of PDMS base
with curing agent. Three inlets and one outlet are drilled
in the PDMS block (see Fig. 3). A glass cylindrical cap-
illary of external diameter 200 µm and internal diameter
100 µm is placed between the first and the third inlets to
form the co-flowing geometry where the drops and jets
are produced. The alignment of the glass capillary inside
the square channel is ensured by the match between the
size of the channel and the external diameter of the glass
capillary. After bonding the channel to a glass slide, a
drop of PDMS, prepared in a 10:0.5 ratio of PDMS base
with curing agent, is allowed to enter the channel through
the second inlet. After flowing by capillarity through the
space between the PDMS walls and the glass capillary
in both directions, the PDMS reaches a wider section of
the channel where it stops flowing due to the change of
Laplace pressure [15]. The channel is then baked to cure
the PDMS and ensure the sealing between the glass cap-
illary to the external channel. In this way, the inner fluid
is forced to flow inside the glass capillary.

Fluids are injected at constant flow rates using sy-
ringe pumps (Kd Scientific 101, Hardvard Apparatus
PHD2000W). The inner fluid is a 80% glycerol and 20%
water mixture, whose viscosity and density at 20◦C are

In a flowing, confined system
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Figure 1: Snapshots of the system in the dripping (a) and in the jetting (b) regimes. Experimental conditions are (a) Qi =
5 µL/min, Qe = 30 µL/min and (b) Qi = 14 µL/min, Qe = 30 µL/min.
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Figure 2: (a) Co-flowing geometry. Inner fluid has viscosity ηi
and is injected at flow rate Qi, while outer fluid has viscosity
ηe and is pushed at flow rate Qe. (b) Schematic picture of the
propagation of perturbations in a jet whose interface moves
with velocity U . v− and v+ represent the edge velocity of a
wave packet composed of unstable perturbations.

downstream the instability is said to be convective and
this has been related to the jetting regime, in which the
fluid velocity is high enough to advect the instabilities
and induce breakup away from the nozzle.
Guillot et al. [9, 10] and Herrada et al. [14] have per-

formed stability analyses for the confined liquid jet in a
co-flowing liquid. They predict a transition from an ab-
solute to a convective instability at a critical value of Ca,
in the limit of negligible inertial forces. These authors
find a good agreement between this theoretical critical
value with the observed value of Ca at which the sys-
tem switches from dripping to jetting, confirming that
the two transitions are related. However, there exist no
detailed comparisons between the theoretical predictions
and the experiments beyond the threshold of the transi-
tion, which is the subject of this paper. In particular, we
perform a frequency and wavelength analysis in both the
jetting and dripping regimes and compare the measure-
ments with the theoretical predictions. We also demon-
strate the possibility to force the breakup of the liquid
jet with an external stimulus, which allows us to control
the drop size in the jetting regime.
In the next section we present the experimental setup

used for the experiments. Section III presents the ex-
perimental results. In Section IIIA we present the mea-

surements of the flow in the absence of external forcing.
Then, in Section III B we study the response of the flow
to an external perturbation induced with laser heating.
Section IV summarizes the existent theories concerning
confined liquid jets, whose predictions are compared with
our experimental results in Section V. Finally, Section VI
summarizes the results and conclusions.

II. METHODS

A. Experimental setup

Our experiments are performed inside a straight 5 cm
long microchannel of square cross section. The mi-
crochannel mold is produced by lithography using four
layers of a photoresist of thickness 50 µm each (Etertec
XP-800-20) on a glass slide. The channel is then repli-
cated in PDMS prepared in a 10:1.5 ratio of PDMS base
with curing agent. Three inlets and one outlet are drilled
in the PDMS block (see Fig. 3). A glass cylindrical cap-
illary of external diameter 200 µm and internal diameter
100 µm is placed between the first and the third inlets to
form the co-flowing geometry where the drops and jets
are produced. The alignment of the glass capillary inside
the square channel is ensured by the match between the
size of the channel and the external diameter of the glass
capillary. After bonding the channel to a glass slide, a
drop of PDMS, prepared in a 10:0.5 ratio of PDMS base
with curing agent, is allowed to enter the channel through
the second inlet. After flowing by capillarity through the
space between the PDMS walls and the glass capillary
in both directions, the PDMS reaches a wider section of
the channel where it stops flowing due to the change of
Laplace pressure [15]. The channel is then baked to cure
the PDMS and ensure the sealing between the glass cap-
illary to the external channel. In this way, the inner fluid
is forced to flow inside the glass capillary.

Fluids are injected at constant flow rates using sy-
ringe pumps (Kd Scientific 101, Hardvard Apparatus
PHD2000W). The inner fluid is a 80% glycerol and 20%
water mixture, whose viscosity and density at 20◦C are

Qext=30 µL/min

Qint=5 µL/min

Qint=14 µL/min

dripping

jetting

Cordero & Baroud, 2010
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pressure due to the external flow and viscous shear stresses, on

the one hand, and the capillary pressure resisting deformation on

the other.

Among all dimensionless numbers, the most important is

therefore the capillary number Ca based on the mean continuous

phase velocity, which compares the relative importance of the

viscous stresses with respect to the capillary pressure. This

number ranges between 10!3 and 101 in most microfluidic droplet

formation devices. Additional dimensionless parameters are

the ratio of flow-rates q ¼ Qin/Qout, viscosities l ¼ min/mout,

and the geometric ratios, typically the ratio of channel widths

x ¼ win/wout.

Below, we review the current understanding regarding the

mechanisms at play in each of the three geometries that have

come to dominate droplet production. While the physics at the

origin of droplet production in co-axial injectors is easily iden-

tified as related to the Rayleigh-Plateau instability, the cylin-

drical geometry of the injector is a serious obstacle to its

implementation in soft lithography Lab on the Chip devices. In

contrast, the two alternative geometries of T-junction and flow

focusing are well suited to planar geometries but present more

complex fluid dynamics, as detailed below.

A. Co-flowing streams

A typical example representing the geometry of co-flow devices is

shown in Fig. 1. It corresponds to a cylindrical glass tube that is

aligned with a square or rectangular outer channel, with the two

streams flowing in parallel near the nozzle. It was first imple-

mented in the context of microfluidics by Cramer et al.,18 who

inserted a micro-capillary into a rectangular flow cell. They

showed that the breakup of the liquid stream into droplets could

be separated into two distinct regimes: dripping, in which

droplets pinch off near the capillary tube’s tip, and jetting in

which droplets pinch off from an extended thread downstream of

the tube tip. The transition from dripping to jetting occurs when

the continuous phase velocity increases above a critical value,

U*. They found that the value of U* decreases as the flow rate of

the dispersed phase increases. U* was also found to depend on

the viscosities of the inner and outer phases, as well as on the

interfacial tension.

The trends from ref. 18 were confirmed simultaneously by

Utada et al.19,20 and Guillot et al.,8,21 through stability analyses

of viscous threads confined within a viscous outer liquid in

a microchannel. Both groups interpreted the transition from

dripping to jetting as a transition from an absolute to

a convective instability, a terminology which refers to the

ability of perturbations to grow and withstand the mean

advection: Absolute instabilities grow faster than they are

advected, contaminate the whole domain and yield a self-sus-

tained well-tuned oscillation. In contrast, convective instabil-

ities are characterised by a dominating advection of the

perturbations and behave as amplifiers of the noise that may

exist in the system.9 In co-axial injection devices, an absolutely

unstable configuration is expected to result in a self-sustained

formation of droplets close to the device inlet, while a con-

vectively unstable flow is expected to result in droplets which

form a finite distance downstream, only after the instability has

had space to grow.

Using a lubrication approximation, Guillot et al.8 analysed the

transition in detail as a function of the viscosity ratio, the

capillary number and the equilibrium confinement parameter x,

defined as the ratio of the equilibrium jet radius to the effective

radius of the square outer channel. For a given confinement

parameter, absolute instability was found to exist below a critical

value of the capillary number, which is assumed to determine the

transition from dripping to jetting. The critical value decreases as

the confinement parameter increases and the transition thresh-

olds agree well with the experimental observations, making the

interpretation of the dripping/jetting transition as an absolute/

convective instability transition appealing. However, to date no

experimental verification has been made of the frequency and

wavelength selection that follows from the theoretical analysis.

Such quantitative comparison would be useful to confirm the

stability analysis interpretation.

The theory mentioned above was developed for co-axial

streams flowing in a circular cylindrical geometry. However, the

authors also considered the influence of the geometry of the outer

channel and showed that the instability was suppressed as soon

as the inner jet radius increased beyond the smallest half-side of

rectangular channels. The stabilization mechanism relies on the

fact that a cylindrical thread can decrease its surface area when

subjected to a varicose perturbation, while a squeezed, quasi two-

dimensional thread always increases its surface when perturbed.

This was first observed within the microfluidic context by

Migler22 and further analyzed and applied by Humphry et al.,23

Fig. 2 Example of droplet production in a T-junction. The dispersed

phase and the carrier phase meet at 90 degrees in a T-shaped junction.

Fig. 3 Example of droplet production in a flow-focusing device. The

dispersed phase is squeezed by two counter-streaming flows of the carrier

phase, forcing drops to detach.

This journal is ª The Royal Society of Chemistry 2010 Lab Chip, 2010, 10, 2032–2045 | 2035

also generally be small in microfluidics. Note however that

inertial effects can come into play in certain situations of high-

speed flows, for example for high throughput or droplet breakup

situations. Finally, we will ignore the effects of gravity, which can

be quantified by taking the Bond number, which compares

gravity to interfacial tension, to be small: Bo ¼ Drgl2/g " 1,

where Dr is the difference in fluid densities, g is the acceleration

of gravity, and l a characteristic length scale.

This leaves interfacial tension and viscosity in competition

with each other, since both tend to become important at small

scales. The relative strength of the two is expressed by the

Capillary number Ca ¼ mU/g, where m is generally the larger

viscosity acting in the system. A low value of Ca indicates that

the stresses due to interfacial tension are strong compared to

viscous stresses. Drops flowing under such a condition nearly

minimise their surface area by producing spherical ends. In the

opposite situation of high Ca, viscous effects dominate and one

can observe large deformations of the drops and asymmetric

shapes.

In some cases of interest the velocity varies over a length scale

different from the radius of the drop, for example when the

channel geometry expands or contracts. In this case, a new

capillary number emerges, based on the characteristic magnitude

of the shear stress inherent to the flow mdU/ds, where s represents

a spatial direction. These stresses must still be compensanted by

the Laplace pressure, which yields Cas ¼ m(dU/ds)R/g. This

capillary number describes the magnitude of deformation

observed on a drop due to variations in velocity,11 for example as

a drop enters a bifurcating microchannel.12,13

B. Surfactant effects

The value of interfacial tension displays a strong dependence on

the local surface coverage with surfactant molecules. These

molecules are often added on purpose, in order to facilitate the

creation and transport of drops, but can also appear as impuri-

ties in the fluids or as by-products of chemical reactions. As such,

the value of interfacial tension can vary spatially if the surface

concentration displays spatial variations. This has an important

consequence as it introduces a tangential stress jump in eqn (1),

called Marangoni stress,

min

vuk
vr

in

¼ mout

vuk
vr

!!!!!

!!!!!
out

þVkg (2)

where Vk indicates the derivative along the tangent to the inter-

face at every point. For clean and isothermal interfaces, one

recovers eqn (1). The relation between g and the local surfactant

concentration is nonlinear, sometimes modelled through the so-

called ‘‘Langmuir model’’.14

A complete description of surfactant transport is beyond the

scope of this review but one can readily see that these molecules

can be transported either by the hydrodynamic flow (advection),

or through molecular diffusion, either in the bulk or along the

interface.15,16 In addition to their transport, surfactants are

characterised by several physico-chemical constants: (i) the

partition coefficient, which measures the relative bulk and

surface concentrations at equilibrium, as well as (ii) their

adsorption and desorption rates on the interface, which measure

the chemical kinetics. Finally, any change in the shape of a drop

will lead to local contraction or expansion of the interface, which

lead to an increase or a decrease, respectively, of surface

concentration.

All of the above mechanisms can lead to variations of inter-

facial tension along the drop surface, which will couple back with

the drop formation and motion, in addition to influencing

droplet fusion. Since different surfactant molecules have

different characteristics, changing surfactants can have a major

impact in drop behaviour regarding the areas covered in this

review. In this regard, stationary model experiments, such as the

pendant drop method for measuring surface tension, can help

guide the physical understanding. Practical microfluidics situa-

tions however often involve a complex interplay between several

effects which cannot be simply described in intuitive terms.

III. Droplet production in microchannels

The first step in the microfluidic life cycle of a droplet is its

production. Besides a few implementations of the drop-on-

demand technique based on the control of integrated micro-

valves, the majority of microfluidic methods produce droplet

volumes ranging from femtolitres to nanolitres. This is achieved

through passive techniques which generate a uniform, evenly

spaced, continuous stream.17 These strategies take advantage of

the flow field to deform the interface and promote the natural

growth of interfacial instabilities, thus avoiding local external

actuation. Droplet polydispersity in these streams, defined as the

standard deviation of the size distribution divided by the mean

droplet size, can be as small as 1–3%.

Not only should devices for making drops produce a regular

and stable monodisperse droplet stream, they also need to be

flexible enough to provide droplets of prescribed volume at

a prescribed rate. To this end, three main approaches have

emerged based on different physical mechanisms; they are best

described by the flow field topology in the vicinity of the drop

production zone: (i) breakup in co-flowing streams (Fig. 1), (ii)

breakup in cross-flowing streams (Fig. 2) and (iii) breakup in

elongational strained flows (Fig. 3).

In all three cases, the phase to be dispersed is driven into

a microchannel, where it encounters the immiscible carrier fluid

which is driven independently. The junction where the two fluids

meet is designed to optimize the reproducibility of droplet

production. Indeed, the geometry of the junction, together with

the flow rates and the physical properties of the fluids (interfacial

tension, viscosities) determine the local flow field, which in turn

deforms the interface and eventually leads to drop/bubble pinch

off. The size of the droplet is set by a competition between the

Fig. 1 Example of droplet production in a co-axial injection device. The

inner flow is produced by a thin round capillary and enters into a square

capillary.
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pressure due to the external flow and viscous shear stresses, on

the one hand, and the capillary pressure resisting deformation on

the other.

Among all dimensionless numbers, the most important is

therefore the capillary number Ca based on the mean continuous

phase velocity, which compares the relative importance of the

viscous stresses with respect to the capillary pressure. This

number ranges between 10!3 and 101 in most microfluidic droplet

formation devices. Additional dimensionless parameters are

the ratio of flow-rates q ¼ Qin/Qout, viscosities l ¼ min/mout,

and the geometric ratios, typically the ratio of channel widths

x ¼ win/wout.

Below, we review the current understanding regarding the

mechanisms at play in each of the three geometries that have

come to dominate droplet production. While the physics at the

origin of droplet production in co-axial injectors is easily iden-

tified as related to the Rayleigh-Plateau instability, the cylin-

drical geometry of the injector is a serious obstacle to its

implementation in soft lithography Lab on the Chip devices. In

contrast, the two alternative geometries of T-junction and flow

focusing are well suited to planar geometries but present more

complex fluid dynamics, as detailed below.

A. Co-flowing streams

A typical example representing the geometry of co-flow devices is

shown in Fig. 1. It corresponds to a cylindrical glass tube that is

aligned with a square or rectangular outer channel, with the two

streams flowing in parallel near the nozzle. It was first imple-

mented in the context of microfluidics by Cramer et al.,18 who

inserted a micro-capillary into a rectangular flow cell. They

showed that the breakup of the liquid stream into droplets could

be separated into two distinct regimes: dripping, in which

droplets pinch off near the capillary tube’s tip, and jetting in

which droplets pinch off from an extended thread downstream of

the tube tip. The transition from dripping to jetting occurs when

the continuous phase velocity increases above a critical value,

U*. They found that the value of U* decreases as the flow rate of

the dispersed phase increases. U* was also found to depend on

the viscosities of the inner and outer phases, as well as on the

interfacial tension.

The trends from ref. 18 were confirmed simultaneously by

Utada et al.19,20 and Guillot et al.,8,21 through stability analyses

of viscous threads confined within a viscous outer liquid in

a microchannel. Both groups interpreted the transition from

dripping to jetting as a transition from an absolute to

a convective instability, a terminology which refers to the

ability of perturbations to grow and withstand the mean

advection: Absolute instabilities grow faster than they are

advected, contaminate the whole domain and yield a self-sus-

tained well-tuned oscillation. In contrast, convective instabil-

ities are characterised by a dominating advection of the

perturbations and behave as amplifiers of the noise that may

exist in the system.9 In co-axial injection devices, an absolutely

unstable configuration is expected to result in a self-sustained

formation of droplets close to the device inlet, while a con-

vectively unstable flow is expected to result in droplets which

form a finite distance downstream, only after the instability has

had space to grow.

Using a lubrication approximation, Guillot et al.8 analysed the

transition in detail as a function of the viscosity ratio, the

capillary number and the equilibrium confinement parameter x,

defined as the ratio of the equilibrium jet radius to the effective

radius of the square outer channel. For a given confinement

parameter, absolute instability was found to exist below a critical

value of the capillary number, which is assumed to determine the

transition from dripping to jetting. The critical value decreases as

the confinement parameter increases and the transition thresh-

olds agree well with the experimental observations, making the

interpretation of the dripping/jetting transition as an absolute/

convective instability transition appealing. However, to date no

experimental verification has been made of the frequency and

wavelength selection that follows from the theoretical analysis.

Such quantitative comparison would be useful to confirm the

stability analysis interpretation.

The theory mentioned above was developed for co-axial

streams flowing in a circular cylindrical geometry. However, the

authors also considered the influence of the geometry of the outer

channel and showed that the instability was suppressed as soon

as the inner jet radius increased beyond the smallest half-side of

rectangular channels. The stabilization mechanism relies on the

fact that a cylindrical thread can decrease its surface area when

subjected to a varicose perturbation, while a squeezed, quasi two-

dimensional thread always increases its surface when perturbed.

This was first observed within the microfluidic context by

Migler22 and further analyzed and applied by Humphry et al.,23

Fig. 2 Example of droplet production in a T-junction. The dispersed

phase and the carrier phase meet at 90 degrees in a T-shaped junction.

Fig. 3 Example of droplet production in a flow-focusing device. The

dispersed phase is squeezed by two counter-streaming flows of the carrier

phase, forcing drops to detach.
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Multiphase flows in micro-channels

flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.
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V¼ Vd. Hence, the overall pressure contribution due to a train of

viscous droplets is

DPdropletsþ caps ¼ b
min

WH
Ldroplets ,Vd þ nd , cl

g

H
Ca 2=3

d ; (9)

where b and cl are dimensionless parameters that depend on l

and on the geometry.

Finally, the expression of the total pressure drop DP ¼ DPplugs

+ DPdroplets + DPcaps is nonlinear, evolves in discrete steps with

the number of droplets and involves the velocity of the drops Vd

and the mean velocity of the fluid Vext. A sketch of the pressure

drop along a channel is shown on Fig. 5, which illustrates the

different contributions. We can quantitatively compare each

contribution, for example in a flow of inviscid bubbles flowing at

Vext ¼ 1 mm s#1, in an external fluid with viscosity mext ¼ 10 cP,

interfacial tension g ¼ 20 mN m#1 and in a square microchannel

with H ¼ W ¼ 100 mm. We find that DPplugsx100 Pa/cm, while

DPcapsx10 Pa per bubble. A density of 10 bubbles/cm would

then double the resistance to movement compared with purely

viscous effects, even for inviscid bubbles.

However, these pressure vs. flow rate relationships are too

complex for general use because the constants a, b and c must

be re-evaluated when the geometry changes, the relationship

with Capillary number breaks down at moderate or high Cad,
68

and surfactants greatly modify this simple picture.61 For this

reason, simpler models have been proposed, based on empirical

relationships,63,69 or by considering simplified cases in fixed

geometries, such as an inviscid dispersed phase (l $ 1)60,61 or

small droplets.64 Nonetheless, these nonlinear pressure–flow

rate relationships will play a major role in the transport of

droplets when the single straight channel is replaced with

a network of connected channels. Some of these effects have

started to be explored64,70,71 but much remains to be done in

this area.

C. Flow fields and mixing

A final important aspect of drop transport is related to the flow

field induced by the presence of the immiscible interface. In

single-phase microfluidics, the base flow has a classic Poiseuille-

like profile whose velocity is maximum along the centreline. In

the presence of a large drop, this flow field is modified by the fact

that the internal and external phases cannot mix. Indeed, the

drop travels at a constant velocity Vd which is smaller than the

maximum velocity in the external flow. Liquid particles flowing

with velocity larger than Vd will therefore catch up with the drop

and must change direction when they reach the interface. In the

reference frame of the droplet, this translates into the appearance

of recirculation zones and stagnation points, i.e. points with zero

velocity, as shown on Fig. 6.

The same reasoning also applies inside the droplet and it

would be mistaken to think that inner fluid moves uniformly at

the drop velocity Vd. The correct picture is rather that of

a droplet rolling against the side walls like a treadmill. The flow

field then corresponds to the Poiseuille-like base flow onto which

counter-rotating recirculation rolls are superposed. A qualitative

sketch of the flow topology is given in Fig. 6 for a 2-D situation

which corresponds to a cut through a circular tube. Even in this

simplified configuration, the number and position of recircula-

tion zones depends in a complex manner on the viscosity

ratio l.53

The full 3-D flow fields in rectangular microchannels have

been visualised by m-Particle Image Velocimetry,72,73 by confocal

microscopy,74,75 and through numerical simulations59 for low-

viscosity drops (l $ 1). They reveal features similar to those

sketched in Fig. 6A but also point out complex dynamics near the

end caps and gutters. Additionally, de L!ozar et al.76 showed in

a computational study that the flow fields are highly dependent

on the capillary number and the channel’s aspect ratio. None-

theless, the idea of recirculation zones and stagnation points

induced by a droplet is a general concept that remains valid and

has important implications on transport, mixing and analyte

dispersion by the flow.

Concerning the latter, the contents of a drop will remain inside

it if the fluids are carefully selected, thus avoiding cross-

contamination between droplets. However, the fluid contained in

a plug can spread to its neighbours since the droplet acts like

a leaky piston, due to the presence of the corner gutters.

Nevertheless, the reduction of analyte concentration is weak; it

occurs only through the diffusion that carries particles from

Fig. 5 A qualitative plot of the pressure along a microchannel con-

taining droplets: (top) in the case of an inviscid drop, (bottom) in the case

of viscous drops.

Fig. 6 Topology of the counter-rotating recirculation zones induced by

the presence of the interface. The stagnation points on the interface are

classified between the converging points A and diverging points B. For

non viscous drops, there are 6 recirculation zones inside the droplet and

2 outside. Adapted from Hodges et al.53
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Velocity profiles

Figure 9 compares the computed and measured longitudinal
velocity profiles along the channel height and width, respec-
tively. Figure 9b indicates that the velocity profile is almost in-
dependent of the longitudinal position in the droplet. Besides,
the measured and computed profiles are in good agreement.

Mixing

Here dye is ‘‘numerically’’ injected into the droplets. The
aim is to reproduce the mixing caused by advection inside the
droplet and so to detect regions where mixing is not efficient.
Numerically speaking, a new color function is defined that
equals 1 in cells filled by dye and equals 0 elsewhere. This
color function is transported by solving Eq. 2. We assume that
(1) dye has no effect on the flow and (2) molecular diffusion is
negligible compared to convective mixing. As a consequence,
the slight diffusion that might be observed is purely the result
of numerical diffusion. The first views of Figures 10a and 10b
show the two initial configurations that were selected. By tak-
ing advantage of symmetry along the z-axis, only half of the
droplet is simulated. The computations in this section are per-
formed within a 2D (yz) domain 0.5D ! 5D large. The flow is
initially at rest; the initial height and length of the droplet are
0.83D and 2D, respectively. A free-slip (resp. no-slip) condi-
tion is imposed on the bottom (resp. top) boundary; the lateral
boundaries are periodic. The grid size is 30 ! 180 and is
refined near the walls as already described for the 3D case.

Figure 10 shows mixing of the dye for the two selected
cases. These cases correspond to two different situations exper-
imentally encountered because of the method of reactant injec-
tion (flow focusing or interdrop coalescence). The numerical
time step is 3.3 ! 10"5! ; the final number of time steps is
400,000; the simulated physical time is 13.4! and the computa-
tional time is 20 h. Both cases exhibit the formation of two
counterrotating recirculation zones separated by the symmetry
axis. There are clearly some regions inside the droplet where

Figure 10. 2D simulations showing dye mixing inside
droplets, where (a) dye is injected along the
horizontal symmetry plane or (b) dye is
injected throughout the front half of the
droplet.
The time interval between successive views is D! ¼ Dt/
("hDeq

2 /#h) ¼ 1.97. The horizontal black line is the symme-
try axis. Dye concentration ranges from 0 to 1. The drop
interface is represented by the isoline C ¼ 0.5. The black
zone corresponds to a concentration of the dye > 0.55.

Figure 11. (a) Streamlines in the reference frame of the
droplet obtained by 2D computations; (b)
zoom on the droplet head.

4068 DOI 10.1002/aic Published on behalf of the AIChE December 2006 Vol. 52, No. 12 AIChE Journal

2D computations Sarrazin et al, 2006

Drop creates recirculation
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Recirculating flows

22

slightly from ideal center plane symmetry flow fields. We
attribute this effect to the breaking of the thin liquid films
at the side walls (Figure 4c). The breaking films create a
gas-liquid-solid contact line moves alongside the mi-
croscopically rough side walls. The roughness is caused
by the limited resolution of the transparency masks
used in the lithography process. The randomness of the
surface roughness causes the asymmetry of the gas-liquid
interfaces at the leading and trailing ends of bubbles, and
hence small asymmetry of the velocity field inside liquid
segments. Such symmetry deviations are not observed
for segmented liquid-liquid flows at sufficiently high
superficial velocities,21 where both fluids are incompress-
ible and the dispersed phase is in no direct contact with
the channel walls. Asymmetry of the flow field, which
results in transport across the channel centerline, is
desirable to achieve efficient mixing not only within the
two channel halves (due to recirculation) but also across
the entire channel. As expected, the asymmetry is
significantly increased in meandering channels (Figure
6c).

5. Quantification of Mixing in Microscale
Segmented Flow

This section quantitatively describes mixing in seg-
mented flow. For the mathematical foundations of mixing
in microfluidic systems, we refer to Aref22 and a recent
review by Wiggins et al.23 To quantify microfluidic mixers
that involve steady flows,5-7 the spatial distribution of a
tracer dye is commonly determined by confocal microscopy
and the spatial variation of the tracer concentration.
Confocal microscopy offers the advantage of successively
assessing local tracer concentrations within thin optical
slices. Segmented flows, however, are transient, which
implies that only local instantaneous concentration fields
are physically meaningful and imposes requirements on
the temporal measurement resolution. Time-averaged
concentration fields that are justified under steady flow
conditions have also been applied for determining the EOM
in segmented flows.11 We demonstrate that, in transient
flow cases, mixing lengths can be slightly underestimated
if they are determined from time average data. One reason
for choosing time average (steady state) data is that time-
resolved local concentrations are more difficult to obtain.

(21) Ismagilov, R. F.; Stroock, A. D.; Kenis, P. J. A.; Whitesides, G.;
Stone, H. A. Appl. Phys. Lett. 2000, 76, 2376-2378.

(22) Aref, H. J. Fluid Mech. 1984, 143, 1-21.
(23) Wiggins, S.; Ottino, J. M. Philos. Trans. R. Soc. London, Ser. A

2004, 362, 937-970.

Figure 5. (a) Instantaneous fluorescence micrograph of an ethanol segment between two air bubbles in the 400 µm wide channel
seeded with fluorescent polystyrene particles (diameter 1 µm) for developed flow (gas flow rate, 30 µL/min; liquid flow rate, 10
µL/min). (b) The velocity vector field, (c) the contours of the streamwise velocity component, (d) the normal velocity component,
and (e) the vorticity ∂U/∂y + ∂V/∂x are obtained from image pairs using a cross correlation PIV algorithm. Note that Ubulk ) 5.5
mm/s was subtracted in all velocity plots. (f) Slug length distribution for gas and liquid flow rates of 30 and 10 µL/min.

1552 Langmuir, Vol. 21, No. 4, 2005 Günther et al.liquid
bubble
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the side channel (Figure 8b).[132] Cross-contamination
between plugs at the T junction was quantified by fluores-
cence measurements and found to be minimal.[131]

For gas–liquid slugs, the reagents need to be injected into
the continuous phase, as reactions occur within this phase.
Such injection is easy, as this continuous phase is always in
contact with the microchannel wall. However, contamination
between slugs can result, especially in rectangular micro-
channels. The merging of a tracer dye into the continuous
phase was demonstrated for slugs within microchannels.[48]

2.3. Controlling Mixing by Chaotic Advection

The control of mixing is important for reactions and
autocatalytic processes.[133, 134] Rapid mixing of reagents is
necessary to determine the starting time of a reaction
accurately. Droplet-based microfluidics allows rapid mixing
and the extent of mixing can be quantified.[1,40,135] It has been
reported that for a single-phase microfluidic flow, a reagent
can be mixed by hydrodynamic focusing with a large excess of
a second reagent with mixing times of only 10 ms.[136] The
mixing was sufficiently rapid that the time resolution of
kinetic measurements was limited by dispersion and not by
mixing. Chaotic advection in a staggered herringbone
mixer[137] was used to achieve complete mixing of two
reagents in milliseconds and to reduce dispersion. This idea
of chaotic advection (see Figure 9 and a movie in the
Supporting Information) was implemented with drop-
lets.[1, 40,46] Chaotic advection[137–139] relies on repeated folding
and stretching of the two fluids to achieve layers of fluids
(striations) that become exponentially thinner and thinner
(Figure 9) until mixing by diffusion becomes rapid. Mixing in
droplets by chaotic advection can be achieved in sub-milli-
second times[40] without dispersion and is especially useful
when both mixing on a short timescale and dispersion over a
longer timescale need to be controlled.

Droplets traveling through a microchannel experience
internal recirculation, which has been used to enhance mixing
in plugs[37,140–143] and slugs.[46, 50,144–146] In straight channels, two
symmetric vortices form on the left and right halves of a plug
(in the direction of plug movement, Figure 3). The mixing
occurs by convection within each half and mainly by diffusion
between the two halves of the plug. In winding channels
(Figure 10), the interface between the two halves of the plug

is reoriented from the direction of plug movement and is
stretched and folded by recirculations (Figure 10). This
technique greatly enhances mixing (see two movies in the
Supporting Information for a comparison of mixing in straight
and winding channels).

The extent of mixing is dependent on the number of
winding turns and can be quantified by analyzing fluorescence
images (Figure 11b). By using a “bumpy” mixer (Figure 12)
to generate oscillating shear within plugs, even viscous
biological samples containing high concentrations of bovine
serum albumin or hemoglobin can be mixed within milli-
seconds.[45] The striations (Figure 12c) observed in this mixer

Figure 8. Injection of a CaCl2 solution into a plug (blood) through a
hydrophilic side channel.[132] a) Time-lapse microphotographs of the
injection process. b) The injection volume is controlled by the flow
rate (mLmin!1) of the CaCl2 stream. Each data point on the graph
denotes measurements for 10 plugs (y=24.947 x!0.2312,
R2=0.9849). Reprinted with permission from reference [132]. Copy-
right 2006 American Chemical Society.

Figure 9. Model for the mixing of two reagents by chaotic advection at
low values of the Reynolds number; photographs of two layers of
modeling clay being stretched and folded. Images are courtesy of
Joshua D. Tice.

Figure 10. Mixing by chaotic advection in a plug moving through a
winding channel. The interfaces between the red and blue fluids are
reoriented, stretched, and folded as the plug moves through the
corners and straight sections of the channel. Reprinted with permis-
sion from reference [40]. Copyright 2003 American Institute of Physics.

R. F. Ismagilov et al.Reviews

7342 www.angewandte.org ! 2006 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim Angew. Chem. Int. Ed. 2006, 45, 7336 – 7356

Can we use this to mix fluids?

23dimanche 3 avril 2011



Ottino

Chaotic mixing

24dimanche 3 avril 2011



Song et al, 2003

the side channel (Figure 8b).[132] Cross-contamination
between plugs at the T junction was quantified by fluores-
cence measurements and found to be minimal.[131]

For gas–liquid slugs, the reagents need to be injected into
the continuous phase, as reactions occur within this phase.
Such injection is easy, as this continuous phase is always in
contact with the microchannel wall. However, contamination
between slugs can result, especially in rectangular micro-
channels. The merging of a tracer dye into the continuous
phase was demonstrated for slugs within microchannels.[48]

2.3. Controlling Mixing by Chaotic Advection

The control of mixing is important for reactions and
autocatalytic processes.[133, 134] Rapid mixing of reagents is
necessary to determine the starting time of a reaction
accurately. Droplet-based microfluidics allows rapid mixing
and the extent of mixing can be quantified.[1,40,135] It has been
reported that for a single-phase microfluidic flow, a reagent
can be mixed by hydrodynamic focusing with a large excess of
a second reagent with mixing times of only 10 ms.[136] The
mixing was sufficiently rapid that the time resolution of
kinetic measurements was limited by dispersion and not by
mixing. Chaotic advection in a staggered herringbone
mixer[137] was used to achieve complete mixing of two
reagents in milliseconds and to reduce dispersion. This idea
of chaotic advection (see Figure 9 and a movie in the
Supporting Information) was implemented with drop-
lets.[1, 40,46] Chaotic advection[137–139] relies on repeated folding
and stretching of the two fluids to achieve layers of fluids
(striations) that become exponentially thinner and thinner
(Figure 9) until mixing by diffusion becomes rapid. Mixing in
droplets by chaotic advection can be achieved in sub-milli-
second times[40] without dispersion and is especially useful
when both mixing on a short timescale and dispersion over a
longer timescale need to be controlled.

Droplets traveling through a microchannel experience
internal recirculation, which has been used to enhance mixing
in plugs[37,140–143] and slugs.[46, 50,144–146] In straight channels, two
symmetric vortices form on the left and right halves of a plug
(in the direction of plug movement, Figure 3). The mixing
occurs by convection within each half and mainly by diffusion
between the two halves of the plug. In winding channels
(Figure 10), the interface between the two halves of the plug

is reoriented from the direction of plug movement and is
stretched and folded by recirculations (Figure 10). This
technique greatly enhances mixing (see two movies in the
Supporting Information for a comparison of mixing in straight
and winding channels).

The extent of mixing is dependent on the number of
winding turns and can be quantified by analyzing fluorescence
images (Figure 11b). By using a “bumpy” mixer (Figure 12)
to generate oscillating shear within plugs, even viscous
biological samples containing high concentrations of bovine
serum albumin or hemoglobin can be mixed within milli-
seconds.[45] The striations (Figure 12c) observed in this mixer

Figure 8. Injection of a CaCl2 solution into a plug (blood) through a
hydrophilic side channel.[132] a) Time-lapse microphotographs of the
injection process. b) The injection volume is controlled by the flow
rate (mLmin!1) of the CaCl2 stream. Each data point on the graph
denotes measurements for 10 plugs (y=24.947 x!0.2312,
R2=0.9849). Reprinted with permission from reference [132]. Copy-
right 2006 American Chemical Society.

Figure 9. Model for the mixing of two reagents by chaotic advection at
low values of the Reynolds number; photographs of two layers of
modeling clay being stretched and folded. Images are courtesy of
Joshua D. Tice.

Figure 10. Mixing by chaotic advection in a plug moving through a
winding channel. The interfaces between the red and blue fluids are
reoriented, stretched, and folded as the plug moves through the
corners and straight sections of the channel. Reprinted with permis-
sion from reference [40]. Copyright 2003 American Institute of Physics.

R. F. Ismagilov et al.Reviews

7342 www.angewandte.org ! 2006 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim Angew. Chem. Int. Ed. 2006, 45, 7336 – 7356
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Aqueous droplets of 250 pL formed in a microfluidic channel in a
continuous flow of a water-immiscible fluid act as microreactors that
mix the reagents rapidly and transport them with no dispersion. These
droplets may also be used to control chemical reaction networks on
millisecond time scale. For more information see the following
publication by R. F. Ismagilov et al.

767Angew. Chem. Int. Ed. 2003, 42, 767 ! 2003 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim 1433-7851/03/4207-0767 $ 20.00+.50/0
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WeconsiderdesignII,whereatracerstream(Rhodamine
B) is sidewise injected into a developed gas-liquid flow.
The tracer concentration in the injected stream is 10-fold
higher than the original concentration in the liquid phase
(ethanol), and its flow rate is 10-fold smaller. The
considered liquid segments are approximately 1.2 channel
widths (w) long (Figure 5f). We apply confocal scanning
microscopy to segmented gas-liquid flow at bubble
velocities, UB, between approximately 5 and 100 mm/s.
At a channel depth (z) corresponding to the channel center,
sets of 200 planar confocal scans are obtained at different
downstream distances (x), 13 w, 26 w, 39 w, and 52 w,
from the point of tracer injection. The fluorescent signal
locally emitted from the liquid phase is characterized by
a high intensity and can therefore be distinguished from
the gas phase (low intensity). Figure 7a schematically
illustrates the gas-liquid distribution for such a system
that would be obtained from scanning through an (x,y)-
plane a z-location that corresponds to the channel center
with unidirectional line scans; that is, the fluorescence
signal is only collected in one direction (marked as a red
arrow in Figure 7a), and not on the returning path (blue).
The time required for scanning one pixel (tscan) can be
chosen between 0.72 and 287 µs. At the low limit, a higher
amplifier-gain is required which increases the electronic
noise of the photomultiplier tube (PMT) and reduces the
signal-to-noise ratio (SNR). At the upper limit, the scan
is substantially slower, reducing the necessary amplifier
gain, and therefore the electronic noise contribution.

However, the larger sampling time also leads to undesired
streamwise averaging at the pixel level. We require the
distance a fluid element travels during tscan to be smaller
than the spatial pixel resolution for the 10× objective,
1.76 µm. To increase the SNR (decrease PMT noise), tscan
) 3.2 µs is chosen so that (assuming a liquid velocity
O{Ub}) a fluid element travels a distance during this scan
time of 0.0375 µm , 1.76 µm. Scanning the entire plane
is too slow to “freeze” the instantaneous spatial distribu-
tion of gas and liquid (a full scan requires 3.5 s).
Nevertheless, an accurate measurement of EOM can be
determined by choosing tscan sufficiently large to prevent
averaging on the pixel level and performing signal
processing of the collected pixel level information.

Signal Processing. We calculate statistical quantities
in the (x,y)-plane from the intensity information obtained
from a large enough set of statistically independent planar
scans that are stored as digital image files (Figure 7b)
with 488 nm as the excitation wavelength. The figures
show the spatial intensity distributions. The thickness of
the slice is 5 µm. For each pixel, the image intensity is
collected at a photomultiplier tube during a scanning time
of only tscan ) 3.2 µs. One planar scan i therefore contains
a spatial noise distribution, Ii,noise(x,y), that belongs to
different instances in time. Figure 7b shows typical
examples of the instantaneous intensity distributions for
such a scan at three different streamwise locations: at the
point of tracer introduction, 13 and 26 widths downstream,
respectively. The light intensity detected on the PMTs is

Figure 6. Velocity and concentration fields for segmented flow through straight (a) and (b) meandering microchannels (width 400
µm, depth 280 µm). Instantaneous velocity vector and streamline plots are obtained from µPIV measurements, and concentration
fields are measured using pulsed-laser fluorescence microscopy. Gas and liquid flow rates are G ) 30 µL/min and L ) 10 µL/min.

W A movie clip in AVI format is available.

Micromixing of Miscible Liquids in Gas-Liquid Flow Langmuir, Vol. 21, No. 4, 2005 1553
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flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.

This journal is ª The Royal Society of Chemistry 2010 Lab Chip, 2010, 10, 2032–2045 | 2037

flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.
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Backward flow in film pushes drop faster than mean 
velocity

theoretical results have been validated by experiments for

circular capillaries56 and by numerical simulations for both

circular and rectangular microchannels.57,58 These studies

confirm that the scaling of eqn (3) holds for Cad < 0.01. It can

therefore be applied to any microfluidic flow, for sufficiently low

Cad, and it implies that thin films separating drops from the walls

will have a thickness on the order of 1% to 5% of the channel’s

half height.

The presence of lubrication films has a direct implication on

the velocity of the droplets; Fairbrother & Stubbs49 pointed out

the general result that, in the reference frame of the droplet, a flux

of carrier fluid Qe can only be accounted for by the difference

between the velocity of the droplet Vd and the mean velocity of

the carrier fluid Vext, yielding: Qe ¼ S$(Vext–Vd), where S is the

cross-sectional area of the channel. In a circular capillary, the

fluid contained in the films is uniformly advected backwards at

the wall velocity –Vd, such that the drop sees a net flux of the

external phase, of magnitude Qe, which scales with the film

thickness: Qe f–Cad
2/3SVd. As a result, the existence of lubrica-

tion films implies that the droplet must move faster than the

carrier fluid by an amount

Vd " Vext

Vd

fCa2=3d ; (4)

a relationship that was experimentally verified for circular

geometries.56

For rectangular microchannels, the picture is modified

because the drops do not completely fill the channel’s cross

section but leave out corner gutters in which the carrier fluid may

flow, as shown on Fig. 4D. In their extensive analysis of the

problem, Wong et al.55 showed that the gutter flux is in the

direction of the bubble’s movement and scales as Qg f Cad
"1/3

SVd. It dominates the effect of films by an order in Cad, which

implies that the droplet velocity is lower than the carrier fluid’s

by an amount

Vd " Vext

Vd

f" Ca"1=3
d ; (5)

in agreement with numerical simulations.59 Nevertheless, the

velocity difference should remain below 6% for typical capillary

numbers 10"6 < Cad < 1.60

Fuerstman et al.61 experimentally measured a difference of this

magnitude between the droplet and outer fluid velocities.

However, they also pointed out that the presence of surfactant

can reduce the droplet velocity by up to 50%. These surfactant

retardation effects have been observed in other situations14 and

will be treated in Section IVC.

B. Pressure drop and mean velocity

In classical hydraulics and single-phase microfluidics, flows in

a uniform straight channel are fully described by a linear

compact model which relates the pressure drop DP across

a channel of length L to the mean flow velocity V:

DP ¼ R,L,V ¼ a
m

WH
L,V ; (6)

where a is a dimensionless constant61 and R is the fluidic resis-

tivity, analogous to the electrical resistivity in Ohm’s law. Such

models enable rapid design of electrical or pipe flow networks.

Several groups have attempted to develop compact pressure vs.

flow rate models for microfluidic droplet-laden flows but the

physics at play is more delicate.60–64

First, the definition of DP in eqn (6) is unambiguous for

a single-phase Poiseuille flow because the pressure is invariant in

the cross-sectional plane of the channel. In the presence of curved

immiscible interfaces, care must be taken in defining the path

along which the pressure is measured, in order to correctly

account for the Laplace pressure jumps. This path can be chosen

across the droplet body, thus crossing the front and rear inter-

faces,51,54 or directly from plug to plug through the gutters.61

Here we adopt the first approach which will shed light on the

effect of variable curvatures but the two formulations lead to the

same result.55

As sketched in Fig. 4B, the channel contains a succession of

droplets and plugs of carrier fluid, separated by transition

regions around the interfaces. The total pressure drop DP across

the channel is then the sum of the viscous contributions from the

plugs DPplugs and from the droplets DPdroplets, in addition to the

capillary terms due to the interface curvatures DPcaps.

Along each plug, the single-phase relation (6) can be used by

taking m ¼ mext and V ¼ Vext, such that the overall pressure drop

due to the plugs is

DPplugs ¼ a
mf

WH
Lplugs,Vext: (7)

The pressure drop due to the interface curvature has only been

rigorously studied in the case of an inviscid bubble at small

capillary numbers.51,55 These pressure jumps would compensate

if the bubble were symmetric but this symmetry is broken by the

motion of the bubble, due to the presence of the lubrication films

and spatial variations of their thickness. At the advancing

interface the bubble cap is compressed by the liquid that enters

the film and therefore has a higher mean curvature. At the rear

interface, the exiting fluid expands the interface and lowers the

mean curvature. In this way, each bubble introduces a discrete

nonlinear pressure drop51,55 DPcaps f Cad
2/3g/H, such that the

overall pressure drop across the bubbles is61

DPcaps ¼ nd,c
g

H
Ca2=3d ; (8)

where nd is the number of bubbles in the channel and c is

a dimensionless parameter that depends on geometric parameters

(H,W, Lbubble). A more detailed treatment of these aspects can be

found in a recent review by Ajaev and Homsy.65 Alternatively,

a more intuitive description of the pressure balance across the

interface can be obtained by considering the movement of

a single plug of liquid that is pushed by a constant pressure.66,67

This description yields nearly the same physical ingredients,

while allowing comparisons with simple experiments in which the

plug’s length and velocity are independently controlled.

The inviscid theory remains valid for drops of small viscosity

ratios l # 1. Otherwise, Hodges et al.53 have shown that there

exists a non-trivial coupling between flows within and outside the

drops but that the scaling for the pressure jump at the ends caps

DPcaps still holds. In this case, however, the viscous dissipation

inside the droplets is no longer negligible and it is common60,64 to

compute the associated pressure drop DPdroplets using the single-

phase pressure-flow rate formula of eqn (6), taking m ¼ min and
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Ca = 0.02

α = 1

α = 7

α = 3

Ca = 1.0

Figure 5. Cross-sections of the flow domain for two capillary numbers (Ca= 0.02, 1.0), three
aspect ratios (α = 1, 3, 7) and Bo= 0, at a distance of 3.92α behind the tip.

3.1. The cross-section of the air finger

In figure 5 we show cross-sections of the flow domain at a distance of 3.92α behind
the tip for two capillary numbers (Ca = 0.02, 1.0) and three aspect ratios (α = 1, 3, 7).
The axial velocity of the fluid is almost uniform and is within 0.1 % of the wall
velocity for the parameter values shown.

At Ca =0.02 and α = 1, the cross-sectional flow domain consists of four corner
regions of constant curvature, connected by thin films. As discussed in § 2.5, the
difference in curvature between the corner regions and the thin films generates a
pressure drop that drives transverse draining flows from the films into the corner
regions. The volume of fluid transported, however, is so small that it does not
measurably deform the interface, and thus the air finger is in quasi-equilibrium.
In fact, a fluid domain consisting of four corner regions of constant curvature is
an equilibrium configuration at Ca = 0 for any value of α (Wong et al. 1995a).
Experimental evidence (Moore et al. 2002) suggests that these configurations may be
unstable for very high aspect ratios α ! 250, however.

At Ca = 0.02 and α = 3 and 7, the quasi-equilibrium configuration is altered
compared to α = 1. The interface consists of two end regions of constant curvature
along the short semi-axes of the tube, connected by two thin liquid films along the
longer semi-axes. The thin films ensure that the draining flows are weak; the maximum
magnitude of the transverse velocity,

√
u2

1 + u2
3, is approximately 0.05 (0.048 for α =3

and 0.054 for α = 7) and the minimum film thickness is approximately 0.01, giving
an estimate of the strength of the draining flow as 0.0005, much smaller than the
order-one axial flow. Hence, the variation of the finger width in the axial direction is
negligible (in both cases, the values of dimensionless finger width λ, defined in § 3.2,
measured at cross-sections located at 3.92α and 2.92α behind the finger tip differ by
less than 8 × 10−4). McLean & Saffman (1981) and Reinelt (1987) used this cross-
sectional configuration to derive the boundary conditions for their two-dimensional
simulations of the Saffman–Taylor instability.

As Ca increases, the fluid films thicken and in near-square tubes the ultimate
finger shape becomes axisymmetric at sufficiently high Ca (Ratulowski & Chang
1989; Kolb & Cerro 1991). Hazel & Heil (2002) showed that these axisymmetric

deLozar et al. 2008

In a rectangular micro-channel
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increasing Capillary number

Cubaud & Ho, 2004

flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.

This journal is ª The Royal Society of Chemistry 2010 Lab Chip, 2010, 10, 2032–2045 | 2037
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Drops leave a film behind them
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flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.
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Rectangular channels: Gutters change everything

flow rates. The control of drop formation can therefore only

change the frequency and size of drops simultaneously while

respecting the volume fraction. In the case when the dispersed

flow is controlled by a pressure source, one can block the

production of drops for long times and thus vary independently

the size and frequency of the droplets.

Control mechanisms for droplet production that rely on

integrated micro-valves have been proposed.40–42 Closer to the

topic of this review, variations in drop generation can be

produced by varying any of the physical or geometric parameters

that enter into the stress balances described in the previous

sections. In this context, temperature variations by a localised

laser heating have emerged as a useful approach to varying the

interfacial tension and thus inducing additional stresses on

the drop surface. The Marangoni flows that are produced by the

laser heating were shown to block drop formation both in flow-

focusing43 and in T-junction geometries.6 This method provides

a way to actively control the frequency and size of drops, in the

case of constant flow rate forcing, and can be used to delay drop

formation indefinitely in the case of constant pressure forcing.

Another approach to use heat to modify the production was

introduced by Nguyen et al.44 and later used by Stan et al.,45 who

tuned the temperature at the flow focusing device through

a micro-fabricated heater. By relying on the variations of

viscosity and surface tension with temperature, the authors

showed significant variations in the size of emitted droplets for

fixed flow rate conditions.

IV. Droplet transport

After droplets are produced, they are transported along micro-

fluidic channels by the carrier fluid. The associated two-phase

flows have received much interest and can be separated into two

limiting categories: (i) bubbly flows for droplets of diameter

smaller than the channel sizeH (Fig. 4A) and (ii) slug flows in the

opposite case, where each droplet occupies most of the channel’s

cross section (Fig. 4B). In the first case, drops are typically

assumed to flow at the local velocity of the carrier fluid and will

tend to follow the streamlines of the external phase. This implies

that drops that are nearer to the channel centreline will flow

faster than those close to the edges. Moreover, drops arriving at

a bifurcation will take the path that is dictated by the local

streamlines of the carrier fluid.46 In contrast, the second category

is more interesting, from a hydrodynamics point of view, because

the flow is strongly modified by capillary effects and by the

deformability of the drop interfaces. This places the capillary

number based on the velocity of the droplets Cad ¼ mVd/g at the

centre of the discussion. A third case exists when the channel has

a large width/height aspect ratio. This can lead to drops that are

strongly confined in only one direction, a situation that has been

studied extensively in classical fluid mechanics.47,48 The flow of

such drops and bubbles is very different compared to the above

cases. For simplicity, we will restrict our discussion to channels

with aspect ratio near one.

In this section we explain the different models for drop

transport in microchannels. We assume for simplicity that the

carrier fluid completely wets the channel walls, thereby avoiding

discussions of contact line dynamics. We also distinguish flows in

circular tubes from those in rectangular tubes, which are more

relevant to microfluidic situations. Moreover, it is useful to keep

in mind that the models of droplet transport can also be under-

stood by focusing on the plugs that separate droplets, which may

be easier to address in some cases. Below we concentrate on three

aspects of drop transport: the deposition of lubrication films and

its relationship to droplet velocity, the pressure drop vs. droplet

velocity relationships, and the flow patterns that are induced by

the immiscible interface.

A. Lubrication films and droplet velocity

Consider a large droplet that is transported in a microchannel,

with a velocity Vd from left to right, as depicted in Fig. 4B. As the

drop flows, a thin lubrication film of the continuous phase is

deposited between the droplet and the channel walls,49,50

a process that can be understood by balancing viscous entrain-

ment by the channel walls against the capillary pressure in the

drop. In the reference frame of the droplet, the channel walls

move in the opposite direction with velocity –Vd. By viscous

entrainment, they pull the carrier fluid from right to left,

depositing a ‘‘coating film’’ between the droplet and the walls. On

the other hand, the pressure in the droplet is larger than the

outside because of the Laplace pressure jump at the interfaces. It

therefore pushes against the walls and expels liquid from the

deposited films into the bulk. The competition between the

viscous drag and capillary pressure determines the thickness e of

the lubrication films, which therefore depend on the capillary

number Cad.

Bretherton51 found a nonlinear law for e in the case of an

inviscid bubble moving at small capillary number in a circular

tube of diameter H

e

H
fCa2=3d : (3)

Similar scaling results have been derived for moving foams and

bubble trains,52 viscous drops,53 and extended for any polygonal

cross section geometry in the case of a single bubble.54,55 These

Fig. 4 A Dispersed flow: small droplets immersed in a carrier fluid. B

Slug flow: a succession of plugs and droplets. C Cross-section view of

a large moving droplet in a circular capillary of diameterH, featuring the

thin lubrication film of thickness e. D Cross section view of a large

moving droplet in a rectangular capillary, featuring thin lubrication films

and corners gutters.
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Flux in gutters directed along Vd, so drops go 
slower than mean velocity

theoretical results have been validated by experiments for

circular capillaries56 and by numerical simulations for both

circular and rectangular microchannels.57,58 These studies

confirm that the scaling of eqn (3) holds for Cad < 0.01. It can

therefore be applied to any microfluidic flow, for sufficiently low

Cad, and it implies that thin films separating drops from the walls

will have a thickness on the order of 1% to 5% of the channel’s

half height.

The presence of lubrication films has a direct implication on

the velocity of the droplets; Fairbrother & Stubbs49 pointed out

the general result that, in the reference frame of the droplet, a flux

of carrier fluid Qe can only be accounted for by the difference

between the velocity of the droplet Vd and the mean velocity of

the carrier fluid Vext, yielding: Qe ¼ S$(Vext–Vd), where S is the

cross-sectional area of the channel. In a circular capillary, the

fluid contained in the films is uniformly advected backwards at

the wall velocity –Vd, such that the drop sees a net flux of the

external phase, of magnitude Qe, which scales with the film

thickness: Qe f–Cad
2/3SVd. As a result, the existence of lubrica-

tion films implies that the droplet must move faster than the

carrier fluid by an amount

Vd " Vext

Vd

fCa2=3d ; (4)

a relationship that was experimentally verified for circular

geometries.56

For rectangular microchannels, the picture is modified

because the drops do not completely fill the channel’s cross

section but leave out corner gutters in which the carrier fluid may

flow, as shown on Fig. 4D. In their extensive analysis of the

problem, Wong et al.55 showed that the gutter flux is in the

direction of the bubble’s movement and scales as Qg f Cad
"1/3

SVd. It dominates the effect of films by an order in Cad, which

implies that the droplet velocity is lower than the carrier fluid’s

by an amount

Vd " Vext

Vd

f" Ca"1=3
d ; (5)

in agreement with numerical simulations.59 Nevertheless, the

velocity difference should remain below 6% for typical capillary

numbers 10"6 < Cad < 1.60

Fuerstman et al.61 experimentally measured a difference of this

magnitude between the droplet and outer fluid velocities.

However, they also pointed out that the presence of surfactant

can reduce the droplet velocity by up to 50%. These surfactant

retardation effects have been observed in other situations14 and

will be treated in Section IVC.

B. Pressure drop and mean velocity

In classical hydraulics and single-phase microfluidics, flows in

a uniform straight channel are fully described by a linear

compact model which relates the pressure drop DP across

a channel of length L to the mean flow velocity V:

DP ¼ R,L,V ¼ a
m

WH
L,V ; (6)

where a is a dimensionless constant61 and R is the fluidic resis-

tivity, analogous to the electrical resistivity in Ohm’s law. Such

models enable rapid design of electrical or pipe flow networks.

Several groups have attempted to develop compact pressure vs.

flow rate models for microfluidic droplet-laden flows but the

physics at play is more delicate.60–64

First, the definition of DP in eqn (6) is unambiguous for

a single-phase Poiseuille flow because the pressure is invariant in

the cross-sectional plane of the channel. In the presence of curved

immiscible interfaces, care must be taken in defining the path

along which the pressure is measured, in order to correctly

account for the Laplace pressure jumps. This path can be chosen

across the droplet body, thus crossing the front and rear inter-

faces,51,54 or directly from plug to plug through the gutters.61

Here we adopt the first approach which will shed light on the

effect of variable curvatures but the two formulations lead to the

same result.55

As sketched in Fig. 4B, the channel contains a succession of

droplets and plugs of carrier fluid, separated by transition

regions around the interfaces. The total pressure drop DP across

the channel is then the sum of the viscous contributions from the

plugs DPplugs and from the droplets DPdroplets, in addition to the

capillary terms due to the interface curvatures DPcaps.

Along each plug, the single-phase relation (6) can be used by

taking m ¼ mext and V ¼ Vext, such that the overall pressure drop

due to the plugs is

DPplugs ¼ a
mf

WH
Lplugs,Vext: (7)

The pressure drop due to the interface curvature has only been

rigorously studied in the case of an inviscid bubble at small

capillary numbers.51,55 These pressure jumps would compensate

if the bubble were symmetric but this symmetry is broken by the

motion of the bubble, due to the presence of the lubrication films

and spatial variations of their thickness. At the advancing

interface the bubble cap is compressed by the liquid that enters

the film and therefore has a higher mean curvature. At the rear

interface, the exiting fluid expands the interface and lowers the

mean curvature. In this way, each bubble introduces a discrete

nonlinear pressure drop51,55 DPcaps f Cad
2/3g/H, such that the

overall pressure drop across the bubbles is61

DPcaps ¼ nd,c
g

H
Ca2=3d ; (8)

where nd is the number of bubbles in the channel and c is

a dimensionless parameter that depends on geometric parameters

(H,W, Lbubble). A more detailed treatment of these aspects can be

found in a recent review by Ajaev and Homsy.65 Alternatively,

a more intuitive description of the pressure balance across the

interface can be obtained by considering the movement of

a single plug of liquid that is pushed by a constant pressure.66,67

This description yields nearly the same physical ingredients,

while allowing comparisons with simple experiments in which the

plug’s length and velocity are independently controlled.

The inviscid theory remains valid for drops of small viscosity

ratios l # 1. Otherwise, Hodges et al.53 have shown that there

exists a non-trivial coupling between flows within and outside the

drops but that the scaling for the pressure jump at the ends caps

DPcaps still holds. In this case, however, the viscous dissipation

inside the droplets is no longer negligible and it is common60,64 to

compute the associated pressure drop DPdroplets using the single-

phase pressure-flow rate formula of eqn (6), taking m ¼ min and

2038 | Lab Chip, 2010, 10, 2032–2045 This journal is ª The Royal Society of Chemistry 2010
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yielded coefficients of determination (R2) that were greater

than or equal to 0.985 (this value corresponds to 1.5% error,

which we calculated to be characteristic of these systems)

unless otherwise indicated.

IV. Results and discussion

A. The speed of the bubble versus the speed of the liquid

To determine the value of a for different concentrations of

surfactant, we compared the speeds of a bubble moving

through a branch to the speed of the fluid flowing through that

branch. To ensure that the fluid flows with equal velocity

through both branches, we selected only the clips where two

bubbles of equal lengths are moving at the same time through

both branches. We carefully checked the inlets of the device for

leaks, and waited ten minutes after changing the rate of flow to

obtain each point of data. We divided the rate of flow at which

the pump operated by two to obtain the rate of flow through a

single branch, since half of the flow went through each of the

two branches. We calculated the average speed of the liquid in

a branch by dividing the volumetric rate of flow through that

branch by the cross-sectional area of that branch. As Fig. 3

shows, in the absence of surfactant, the speed of a bubble was,

on average, within 5.4 ¡ 3.7% of the speed of the liquid. This

result is consistent with the theoretical prediction of Wong

et al., for bubbles in channels of rectangular cross-section.16

When we used a 5.9 mM solution (100 [CMC]) of Tween-20

as the liquid phase, we found that, independent of Vnb and Vb,

the liquid moved through the channel 2.1 times more rapidly

than the bubble. Under these conditions, therefore, a = 2.1,

and the liquid flowed through the gutters and past the bubble.

To visualize the flow in more detail for this case, we performed

experiments with a 5.9 mM solution of Tween-20, in which 1

micron diameter latex particles were suspended. Fig. 3B–D

show optical micrographs of the trajectory of a piece of debris

that serves as a convenient tracer. The debris moved through a

gutter from behind the tail of the bubble to a position in front

of the head of the bubble. These figures demonstrate that

liquid flows past the bubble.

For a 59 mM solution of Tween-20, we found that the liquid

moved only 1.2 times faster than the bubbles, independent of

Vnb and Vb, thus a = 1.2 (Fig. 3). This result suggests that the

flow through the gutters at 59 mM Tween-20 was slower than

when the concentration of surfactant was 5.9 mM. We confirm

this result using the model later in the paper. These results are

significantly different from those from comparable experi-

ments for systems with surfactant in cylindrical tubes17,18 and

from theoretical predictions of the behavior of bubbles in

systems without surfactant in rectangular channels.16 Wong

et al.16 suggested a similar phenomenon—called ‘‘corner

flow’’—which only occurs at extremely low capillary numbers,

O(Ca) , 1026. In our experiments, Ca is approximately 1023,

which is several orders of magnitude larger than that in Wong

et al.; this fact suggests that we observed a different

phenomenon. In addition, their prediction did not lead to a

large difference between the speed of the bubble and the speed

of the liquid bypassing the bubble while, in our experiments,

we observed a marked difference—larger than O(Ca).

B. The pressure drop along a channel containing bubbles and

liquid with no surfactant

To verify that the number of bubbles, n, in a branch influenced

the overall pressure drop along the branch when there was no

surfactant in the liquid phase, we plotted the ratio Vb,2/Vb,1

versus the ratio Lcap-to-cap,2/Lcap-to-cap,1 (Fig. 4A). We system-

atically compared these data for different numbers of bubbles

in each branch. The data in Fig. 4A only overlap for clips in

which the numbers of bubbles in the two branches differed by

the same amount. For example, the data marked with the

Fig. 3 (A) A plot of the speed of the bubbles moving through the

system versus the speed of the liquid. In a system in which no

surfactant was present (circles) the bubbles moved 4% faster than the

average speed of the liquid. In the presence of 5.9 mM Tween-20

(triangles), the bubbles moved only half as rapidly through the

channels as the liquid. At 59 mM Tween-20 (diamonds), the bubble

moved at approximately 80% of the speed of the liquid. The solid line

passes through the origin and has a slope equal to 1. The line marked

by the longer dashes is a best-fit line, which is constrained to pass

through the origin, for the data represented by the circles. The line

marked by the shorter dashes is a best-fit line with a slope of 1.2 for the

data represented by the triangles and is constrained to pass through the

origin. The dashed line is a best-fit line with a slope of 2.1 for the data

represented by the diamonds and is also constrained to pass through

the origin. (B)–(D) Optical micrograph of a bubble moving from left to

right through a solution of Tween-20 at 100 [CMC]. The liquid

contained latex tracer particles that were 1 micron in diameter. The

arrow points to a piece of debris that was larger than the tracer

particles. The debris was behind the bubble initially, then moved

through a gutter between the bubble and the walls of the channel and

emerged in front of the bubble. This movement clearly indicates that

the liquid moves significantly more rapidly than the bubble.

1484 | Lab Chip, 2007, 7, 1479–1489 This journal is ! The Royal Society of Chemistry 2007
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What about in experiments?
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(29 mm from the bottom wall) is shown in Fig. 5D. The side

regions near the sidewalls of the channel still flow towards the

downstream due to the contact interface with the sidewall. On

the other hand, it is observed that the fluid is streaming

upstream at the core of this cross-section in contrast to the

previous three cross-sections. This flow phenomenon generates

a pair of vortices stretched along the moving direction near

both sidewalls of the channel. Thus, the flow in a center cross-

section is circulating in a rotation direction opposite to that of

Fig. 5B or Fig. 5C. It is also observed that the flow converges

on the tip at the front edge of the droplet and spreads to both

sides at the back-end. These measurement results prove that

the linear movement of a droplet in a microchannel generates

complex circulation flows and three-dimensional vortices in a

closed volume. When a droplet is traveling in a square

microchannel, the internal fluid is dragged downstream by the

surrounding four channel walls and returns to the upstream

direction through both the core of the droplet and the liquid–

liquid interfaces at the oil phase-filled gaps at the four corners

of the channel.

Some research groups have already indicated that mixing

and/or chemical reactions in droplet-based microfluidic

devices are accelerated when the droplets are shuttled in a

microchannel6 or transported through a winding micro-

channel.7 They assume this acceleration is due to the fluid

movement such as circulation or vortices generated by the

droplet handling. The present study has proven this

flow mechanism of a moving droplet experimentally

through flow measurements and visualization using confocal

micro-PIV.

Fig. 3 3D views of the relative velocity distributions inside a moving droplet. The color contour shows the velocity in each direction. (A) Velocity

distribution in the x-direction: u [mm s21]. (B) Velocity distribution in the y-direction: v [mm s21]. (C) Velocity distribution in the z-direction:

w [mm s21].

344 | Lab Chip, 2007, 7, 338–346 This journal is ! The Royal Society of Chemistry 2007
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Divide flow into three parts:
• External fluid flow
• Internal fluid flow
• Interfaces

Pressure profile in a 2 phase fluid flow
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λ ~ 1

λ << 1
P

P

ΔPplug ΔPplug ΔPplugΔPdrop ΔPdrop

Assuming distance between plugs is large,
use single phase relation:

λ ~ 1

λ << 1
P

P

ΔPplug ΔPplug ΔPplugΔPdrop ΔPdrop

Flow away from interfaces

Bo =
∆ρgl2

γ
(51)

A small Bo and small We mean that we can ignore gravitational and inertial effects.
We are left with a competition between surface tension and viscosity. This is measured by

considering the Capillary number:

Ca =
µU

γ
(52)

by considering the viscous stress:

τvis =
µU

L
(53)

vs. Capillary pressure jump:

Pcap =
γ

L
(54)

Re. Rayleigh Plateau instability :

λ � 2πr (55)

Resistance to flow in a 2 phase flow :

Purely viscous part can be used for drops and plugs:

∆P =

�

N

RNQ (56)
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Pressure drops for droplet flows in microfluidic channels

pressure
tap

oil

water pressure
tap

expansion

waste 

10 mm 

(a) (b) (c)

Figure 1. Schematic of the device. Three devices were studied with cross-sectional dimensions of the main channel (width × depth) being
105 × 74, 200 × 95 and 300 × 95 µm. The water and oil inlets had the same dimensions as the main channel. The pressure taps had widths
of 200 µm in all three devices. The section labeled ‘expansion’ was made by taping Scotch tape onto the SU8-on-silicon mold. Hence it has
greater depth than the rest of the device. The three photographs are (a) a water drop being formed at the T-junction, (b) a single file of drops
in the pressure-measurement section and (c) drops retracting into spheres in the expansion section.

procedures [15]. The PDMS replicas were exposed to plasma
treatment using a Harrick scientific plasma cleaner (PDC-
32G) at a maximum power setting of 100 W for 30 s.
They were then immediately sealed against glass slides.
External connections to gas-tight syringes were made using
medical grade polyethylene tubing (Intramedic, outer diameter
0.965 mm). Syringes were driven by two programmable
syringe pumps. The wettability of the microchannel walls
was found to affect the range of flow rates over which drops
could be generated, the size of the drops, and their behavior
in the microchannels (elaborated further at the end of this
paper). Therefore, the following procedure was used to ensure
consistent wetting properties: the microfluidic devices, after
connecting the tubing, but before passing any fluid through
the device, were treated again in the plasma cleaner for
30 s. Immediately after this treatment, a ∼0.05 mol l−1

solution of octadecyltrichlorosilane (OTS) in hexadecane was
pumped into the channels, allowed to sit for 5 min, and then
flushed out with pure hexadecane. Extensive past literature
indicates that the OTS can silanize the plasma-treated PDMS
surface, resulting in grafting of the octadecyl chains onto the
surface. The resulting coating of OTS ensured consistent
hydrophobicity of the walls of the device and reproducible
behavior of drops in the channels.

Experiments were conducted using hexadecane with
1 wt% of surfactant Span 80 as the continuous phase and
water as the drop phase. This hexadecane/surfactant mixture
is henceforth called ‘oil’ in this paper. Hexadecane was found
to swell the PDMS, with an equilibrium swelling estimated
at about 14 wt%. However, this swelling is relatively rapid
and was expected to equilibrate before experiments were
initiated. The swelling also introduces an approximately
5% error in the channel dimensions; however, only the
unswollen dimensions are used in all calculations. None of
the conclusions are significantly affected by this uncertainty
in channel dimensions.

The device geometry is shown in figure 1. The flow of
oil sheared off drops of water at a T-junction as shown in
figure 1(a) [16]. The water drops are convected down the
length of the channel (figure 1(b)). A close examination of

the receding front of the drops suggests that the drops do not
make direct contact with the walls, but instead, a thin wetting
layer of oil remains in contact with the walls at all times, as
also reported by others [16–18]. This is also consistent with
our own measurements of the wettability of flat PDMS sheets
coated with OTS using a similar procedure as above (5 min
dipping into a 0.05 mol l−1 solution of OTS). The coated sheets
were found to be fully hydrophobic (the oil/water contact
angle was 180◦), consistent with the presence of a wetting oil
layer on the walls at all times.

The pressure drop was measured using differential
pressure sensors (Honeywell 26PC series) connected across
pressure taps. The output of the pressure sensor was recorded
at 1000 Hz on a computer using a Labview data acquisition
system. This measured pressure drop corresponds to several
drops (7–30, see below) that are present in the 10 mm test
section between the pressure taps. One may expect that as
each drop passes a pressure tap, the pressure may fluctuate
[19]. However, in our experiments, this fluctuation was not
evident, and only the average pressure drop for the two-phase
droplet flow could be measured.

Just before exiting the device, the drops were allowed
to expand into a larger ‘cavity’ that was both deeper as well
as wider than the microchannels (figure 1(c)). This allowed
the drops to relax into spherical shapes, thus allowing their
diameter (designated 2Rd) to be measured accurately. The
single-file flow of drops in the pressure-measurement section
was also imaged directly (figure 1(b)), and the spacing between
the drops was measured from such images. The number of
drops in the test section was calculated from the inter-drop
spacing and was found to range from 7 to 30, depending on
flow rates. All imaging was performed using an inverted
microscope (Olympus CKX41) and a digital camera (Basler
A302fs).

Since pressure drop measurements are the primary
motivation for this research, these measurements were
validated using single-phase flow of various fluids through
glass capillaries. These validation tests were conducted
exactly like the actual experiments, except that the microfluidic
devices were replaced by round capillaries of known diameter.

1505

Brownian diffusion coefficient, given by

Db ¼
kT

3!"ddp
9

calculated at room temperature (T ¼ 298 K) and where k is the
Boltzmann constant. According to the operating conditions, "B
is <1%, showing that the Brownian motion effects can be
neglected.

Depth of correlation

In contrast to classical PIV, the illumination source is typi-
cally not a light sheet but rather an illumination of the whole
flow volume. In this case, the measurement volume in micro-
PIV is determined by the characteristics of the microscope lens
(magnification and numerical aperture). The optical system
focuses the particles that are within the depth of focus of the
imaging system, whereas the remaining particles are unfocused
and contribute to the background noise level. Thus, it is impor-
tant to characterize exactly how thick the depth of correlation
is. First, we measured it experimentally, as described in Mein-
hart et al.22 (see Appendix). According to our results, it can be
concluded that the depth of correlation of the micro-PIV sys-
tem is 9 "m. This is in very good agreement with the theoreti-

cal values calculated in Table 1. Thus, according to the channel
dimensions, one can describe the flow in at least five horizontal
planes. By removing particles whose apparent diameter is >dp,
one can also increase the number of accessible measurements
along the channel height. Hereafter we use 5-"m steps for the
description of the flow along the channel height.

Results

Droplet shape

Figure 4 shows the computed droplet evolution. The numerical
time step is 2.7 " 10#5# ; the final number of time steps is
275,000; the simulated physical time is about 7.3# and the compu-
tational time is 49 days on a monoprocessor Intel1 Pentium 41

CPU 3.00 GHz with 2 GB RAM. The droplet rapidly attains a bul-
letlike shape with a rounded head and a flat base. Figure 5 shows
both the experimental and computed shape of the droplet train: the
two series of results clearly exhibit a good qualitative agreement.

Velocity and flow rates

Figure 6 shows the computed velocity of the droplets. The flow
is fully developed in a time of the order of the viscous time # . Ta-
ble 2 shows the comparison between computed and experimental
velocity and flow rate. The computed flow rates are calculated as

Qc ¼
I

L

Z L

0

"Z

S
ðI# CÞU & ndS

#

dz and

Qd ¼
1

L

Z L

0

Z

S
CU & ndS

8
>>:

9
>>;dz ð10Þ

Figure 4. 3D computation of droplets in a microchannel.
Isosurface of volume fraction C ¼ 0.5. The time interval
between successive views is D# ¼ Dt/($cDeq

2 /"c) ¼ 1.81.

Figure 5. Shape of droplets.
(a) Experimental (yz) view imaged with a high-speed camera
monitored on a microscope. (b) and (c) 3D computation.

Figure 6. Computed droplet velocity (3D simulations).

Table 2. Comparison of the Computed and Measured
Macroscopic Data

Parameter Simulation Experiments

Silicone oil velocity, Uc (m/s) 0.035 0.037
Silicone oil flow rate, Qc (m

3/s) 7.2 " 10#11 11 " 10#11

Droplet velocity, Ud (m/s) 0.080 0.0706 0.025
Droplet flow rate, Qd (m

3/s) 7.6 " 10#11 2.8 " 10#11

4066 DOI 10.1002/aic Published on behalf of the AIChE December 2006 Vol. 52, No. 12 AIChE Journal

Figure 1.5: Advancing drops take a bullet shape. Top three images show experimental

photographs taken from Adzima and Velankar [3]. Bottom three images: Part (a) is an

experimental image, while parts (b) and (c) represent numerical solutions of the drop

shape, from Sarrazin et al. [102].

between the forcing pressure and the velocity of a drop. More practically, in means that

the presence of a drop increases the resistance to flow in a given channel, compared to a

single phase flow [55, 104].

In our work [91], we have treated a reduction of this problem, by considering the

motion of plugs of liquid surrounded by air in a microchannel. These plugs can be taken

to represent the space between the drops, for instance the white parts separating the

gray bubbles in Fig. 1.5(b); this analysis allowed us to derive an analytical formula for

the nonlinear relation between pressure and flowrate and will be treated in detail in

Section 2.2.

1.2.2 Presence and transport of surfactants

To this already complex picture one must add the very complex effect of surfactants [81].

The vast majority of droplet microfluidics systems use some surfactants in order to stabi-

lize the wetting conditions, soften the interfaces, and to prevent unwanted mergings of the

drops or bubbles. Generally, surfactant is added in large quantities, orders of magnitude

above the Critical Micellar Concentration (CMC), which generally still corresponds to a

few weight percents. Such large concentrations are necessary since the bulk concentration

may drop significantly when the molecules begin to cover the interface, given the large

surface to volume ratios involved.

For most practical purposes, simply adding a large concentration of a good sur-

factant is sufficient for producing beautiful drops. In cases where things do not work

properly, one may try several different surfactant molecules and will generally find a

combination of fluids and surfactants that provide a satisfactory result, owing to the very

large number of available molecules
1
. However, this large variety can be the source of

complications when the dynamic situations need to be understood, for example during

the creation of a new interface. Indeed, the dynamics of surface tension modification by a

1This may be more or less difficult. For instance, there is a limited number of surfactants for fluori-
nated oils and their performance is not very good.

25
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Interfaces are not symmetric: Added pressures

Effect of interfaces
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Front and rear caps do not have same curvature
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Figure 6
Pressure-driven motion of
bubbles in square
channels. (a) The shape at
small C showing the
entrained films: In Wong
et al. (1995b), half of the
bubble is shown. (b) An
illustration for the
intermediate-C-model of
Ratulowski & Chang
(1989). (c) Numerical
(squares) and asymptotic
(solid lines) results for the
pressure drop across the
bubble tip for two
different aspect ratios (α,
not to be confused with
the quantity in Figure 3
and Table 2). From Hazel
& Heil (2002). Reprinted
with permission from
Cambridge University
Press.
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Poiseuille

Ody, Baroud & de Langre, 2007
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Fig. 5. Capillary number of a liquid plug as a function of its inverse nondi-
mensional length 1/α for a pressure Pdr = 250 Pa (Pdr = 0.2). The dashed line
corresponds to Poiseuille’s law, Ca ∝ 1/α. The full line corresponds to Eq. (11)
with β = 16.

with Pdr = Pdr/(γ κ) is the nondimensional driving pressure
and α = αL0/κ is the nondimensional length.

Experiments were conducted in a microchannel to verify
the applicability of Eq. (11) to our rectangular geometry. The
cross section of the microchannels used here was wi × b =
210 × 25 µm. Single plugs of various lengths were introduced
and forced at constant pressure following the protocol of Sec-
tion 2. For all driving pressures, we observed that the measured
lengths and speeds of the plugs remained constant within 5%
throughout the channel and average length L0 and speed U0
were determined.

A sample of experimental results is plotted in Fig. 5. Data
corresponding to long plugs asymptote to Poiseuille’s law
(dashed line, Pdr = αCa from Eq. (2)). For shorter plugs, the
data exhibit a nonlinear Ca vs (α)−1 relationship due to an ad-
ditional dissipation occurring at the interfaces. The theoretical
curve (full line) obtained from Eq. (11) is plotted with β = 16
and is in good agreement with the experimental data. The cor-
responding value of Γ = 20 is higher than experimental values
reported in millimetric circular tubes [1]. However, the coeffi-
cient (6Γ )1/3 = 4.9 appearing in Tanner’s law (Eq. (5)) is in
close agreement with Hoffman’s data [11] for which the previ-
ous coefficient is of order 4–5 for a dry tube. A more precise es-
timate of the Tanner’s constant would require a specific study by
keeping track of both the microscopic and macroscopic physics
involved in our configuration, as described in [12].

Thus, although Bretherton’s and Tanner’s laws are not
strictly applicable to the rectangular geometry, our results show
the possibility of using the previous laws to model the dynamics
of plugs in our channels.

4. Blocking, rupture or splitting at the T-junction

We now consider a plug flowing through the T-junction for
different driving pressures and initial plug lengths, L0, mea-
sured in the straight channel upstream of the bifurcation. Exper-

Fig. 6. Blocking of the plug at the entrance of the T-junction for two distinct
pressures with Pdr < Pthresh. The front interface is pinned at the corners of the
bifurcation and adapts its curvature to the applied pressure. The shape of the
rear interface is independent of Pdr.

iments were conducted with channel dimensions wi ×wo ×b =
260 × 260 × 46 µm. Three different behaviors were observed
depending on the driving pressure and on the initial length of
the plug as described below.

4.1. Blocking

The first feature extracted from the observations of a plug
getting to the T-junction is the existence of a threshold pres-
sure Pthresh (between 200 and 300 Pa for our experiments)
which does not depend on the initial length of the plug. For
Pdr < Pthresh, the plug remains blocked at the entrance of the
bifurcation as presented in Fig. 6, which shows the equilib-
rium positions of plugs for two distinct pressures (Pdr = 100,
200 Pa). While the rear interface has the same shape in both
cases, the front interface adapts its curvature to balance the ap-
plied pressure keeping its extremities pinned at the corners of
the bifurcation.

4.2. Rupture

When the pressure exceeds the threshold pressure Pthresh, the
plug continues its propagation through the bifurcation. If the
plug is short, its rear interface catches up with its front interface
before the latter reaches the wall opposite to the entrance chan-
nel. The plug then ruptures, opening the outlet branches of the
T-junction to air. A typical sequence of plug rupture is shown in
Fig. 7. Eventually, the liquid that remains on the channel walls
drains slowly through the action of capillary forces and air drag.

4.3. Splitting into two daughter plugs

When the plugs are sufficiently long that the front interface
reaches the opposite wall, two daughter plugs of equal length
are formed through a splitting of the initial one, as shown in
Fig. 8. As soon as the liquid reaches the wall, the transport
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Fig. 3. Schematic of a plug in a rectangular channel. Planes A and B correspond
respectively to “in-plane” and “in-thickness” sections.

3. Visco-capillary regime in straight channels

We first consider the transport of a liquid plug of length L0
moving with a steady velocity U0 in the straight microchannel
upstream of the T-junction. By taking a characteristic length
scale D ∼ 50 µm and typical velocities U0 ∼ 5 mm/s, one ob-
tains a Bond number Bo = ρgD2/γ ∼ 5×10−3 and a Reynolds
number Re = ρU0D/η ∼ 2 × 10−2, where ρ ∼ 1000 kg/m3

and g = 9.81 m/s2 are, respectively, the density of the liquid
and the acceleration of gravity. Therefore, one may neglect
gravity and inertial effects, expecting the plug dynamics to be
governed by a visco-capillary regime as mentioned in [8]. Here,
we use an approach similar to the one developed by Bico and
Quéré [1]. Given a constant driving pressure Pdr, the steady-
state pressure balance across the plug is

(1)Pdr = $P r
cap + Pvisc + $P a

cap,

where $P r
cap and $P a

cap express the capillary pressure drops at
the receding and advancing interfaces of the plug, respectively,
while Pvisc represents the viscous dissipation occurring in the
bulk. Using Poiseuille’s law, the latter is expressed as

(2)Pvisc = αηL0U0,

with α, a dimensional coefficient, corresponding to the geom-
etry of the channel. For a rectangular geometry [9], α may be
approximated as

(3)α $ 12
b2

[
1 − 6

25b

π5wi

]−1

.

When the plug is at rest, static values of $P r
cap and $P a

cap
are given by Laplace’s law as $P r

cap = −$P a
cap = γ κ , where

κ $ 2(b−1 + w−1
i ) is the mean curvature of each interface at

rest. Here, we neglect the flow of liquid along the corners of the
channel that slightly deforms the shape of the interfaces [10].
When the plug is moving, the front and rear curvatures are
modified as shown in Fig. 4. At the front interface, the balance
between friction and wetting forces at the vicinity of the contact
line leads to the existence of a non-zero dynamic contact angle
and this flattening of the advancing interface increases the re-
sistance to the motion. By assuming that θa has the same value
in the two sections, the dynamic capillary pressure drop for the
front interface becomes

(4)$P a
cap = −γ κ cos θa.

Fig. 4. Sketch of the plug (sections A and B). Here, θa is the dynamic contact
angle at the front interface and eb (ewi ) is the thickness of the deposited film at
the rear of the plug in the thickness (width).

The relation between the contact angle and the velocity of the
contact line is known through Tanner’s law [1,11] which states
that

(5)θa = (6Γ Ca)1/3,

where Ca = ηU0/γ is the capillary number and Γ is a loga-
rithmic prefactor that accounts for the singularity occurring at
the contact line, where the usual no-slip boundary condition at
the solid surface leads to a logarithmic divergence in the shear
stress [12].

Using Eq. (5) and taking the first-order term in the Taylor
expansion of cos θa in Eq. (4), the front pressure drop becomes

(6)$P a
cap $ γ κ

(
−1 + (6Γ Ca)2/3

2

)
.

At the rear interface, a thin film is deposited at the channel
walls [13], which reduces the rear meniscus radius and thus,
also increases the resistance to the motion. We note that eb and
ewi are the thicknesses of the deposited film at the rear of the
plug in the in-thickness and in-plane sections, respectively. The
dynamic capillary pressure drop at the rear interface may then
be written as

(7)$P r
cap = γ

(
1

b/2 − eb
+ 1

wi/2 − ewi

)
.

Bretherton’s law expresses the thickness e of the deposited film
at the rear of a plug as a function of the capillary number Ca
and the radius R of a circular capillary tube [1]:

(8)e/R = 3.88Ca2/3.

Assuming Bretherton’s law to be valid in both directions of the
rectangular cross section, i.e., 2eb/b = 2ewi/wi = 3.88Ca2/3,
the rear capillary jump is obtained from Eq. (7) as

(9)$P r
cap = γ κ

(
1 + 3.88Ca2/3).

Finally, by using Eqs. (2), (6) and (9), one derives

(10)Pdr $ αηL0U0 + γ κβCa2/3,

where β = 3.88 + (6Γ )2/3/2 is a nondimensional coefficient
obtained from Bretherton’s and Tanner’s laws.

Equation (10) governs the dynamics of a plug of length L0
moving steadily at speed U0 in a straight rectangular channel
for a constant driving pressure. Equation (10) can be nondimen-
sionalized by comparing it with the capillary pressure jump γ κ ,
and we obtain

(11)Pdr $ αCa + βCa2/3,
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Fig. 5. Capillary number of a liquid plug as a function of its inverse nondi-
mensional length 1/α for a pressure Pdr = 250 Pa (Pdr = 0.2). The dashed line
corresponds to Poiseuille’s law, Ca ∝ 1/α. The full line corresponds to Eq. (11)
with β = 16.

with Pdr = Pdr/(γ κ) is the nondimensional driving pressure
and α = αL0/κ is the nondimensional length.

Experiments were conducted in a microchannel to verify
the applicability of Eq. (11) to our rectangular geometry. The
cross section of the microchannels used here was wi × b =
210 × 25 µm. Single plugs of various lengths were introduced
and forced at constant pressure following the protocol of Sec-
tion 2. For all driving pressures, we observed that the measured
lengths and speeds of the plugs remained constant within 5%
throughout the channel and average length L0 and speed U0
were determined.

A sample of experimental results is plotted in Fig. 5. Data
corresponding to long plugs asymptote to Poiseuille’s law
(dashed line, Pdr = αCa from Eq. (2)). For shorter plugs, the
data exhibit a nonlinear Ca vs (α)−1 relationship due to an ad-
ditional dissipation occurring at the interfaces. The theoretical
curve (full line) obtained from Eq. (11) is plotted with β = 16
and is in good agreement with the experimental data. The cor-
responding value of Γ = 20 is higher than experimental values
reported in millimetric circular tubes [1]. However, the coeffi-
cient (6Γ )1/3 = 4.9 appearing in Tanner’s law (Eq. (5)) is in
close agreement with Hoffman’s data [11] for which the previ-
ous coefficient is of order 4–5 for a dry tube. A more precise es-
timate of the Tanner’s constant would require a specific study by
keeping track of both the microscopic and macroscopic physics
involved in our configuration, as described in [12].

Thus, although Bretherton’s and Tanner’s laws are not
strictly applicable to the rectangular geometry, our results show
the possibility of using the previous laws to model the dynamics
of plugs in our channels.

4. Blocking, rupture or splitting at the T-junction

We now consider a plug flowing through the T-junction for
different driving pressures and initial plug lengths, L0, mea-
sured in the straight channel upstream of the bifurcation. Exper-

Fig. 6. Blocking of the plug at the entrance of the T-junction for two distinct
pressures with Pdr < Pthresh. The front interface is pinned at the corners of the
bifurcation and adapts its curvature to the applied pressure. The shape of the
rear interface is independent of Pdr.

iments were conducted with channel dimensions wi ×wo ×b =
260 × 260 × 46 µm. Three different behaviors were observed
depending on the driving pressure and on the initial length of
the plug as described below.

4.1. Blocking

The first feature extracted from the observations of a plug
getting to the T-junction is the existence of a threshold pres-
sure Pthresh (between 200 and 300 Pa for our experiments)
which does not depend on the initial length of the plug. For
Pdr < Pthresh, the plug remains blocked at the entrance of the
bifurcation as presented in Fig. 6, which shows the equilib-
rium positions of plugs for two distinct pressures (Pdr = 100,
200 Pa). While the rear interface has the same shape in both
cases, the front interface adapts its curvature to balance the ap-
plied pressure keeping its extremities pinned at the corners of
the bifurcation.

4.2. Rupture

When the pressure exceeds the threshold pressure Pthresh, the
plug continues its propagation through the bifurcation. If the
plug is short, its rear interface catches up with its front interface
before the latter reaches the wall opposite to the entrance chan-
nel. The plug then ruptures, opening the outlet branches of the
T-junction to air. A typical sequence of plug rupture is shown in
Fig. 7. Eventually, the liquid that remains on the channel walls
drains slowly through the action of capillary forces and air drag.

4.3. Splitting into two daughter plugs

When the plugs are sufficiently long that the front interface
reaches the opposite wall, two daughter plugs of equal length
are formed through a splitting of the initial one, as shown in
Fig. 8. As soon as the liquid reaches the wall, the transport
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γ is a function of temperature
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technique of drops and microfluidic systems through laser heating. At the same time,
the observed effects also raised a large number of questions, many of which remain open
at the time of writing of this memoir, although some advance has been made on certain
fronts and will be described below. The next sections describe the theoretical models
we have developed and the detailed experimental measurements which allow us to make
predictions on the limits of the technique. These are followed, in Section 3.4, by some
examples of what can be done with this approach, first with a simple Gaussian laser
spot, then using more complex beam-shaping and dynamic holographic techniques in
Section 3.5.

3.2 How does it work?

The initial observations were difficult to understand since the physical origin of the force
holding the drop were unknown. Indeed, the classical Marangoni forcing, as described
for example by Young et al. [124], is shown in Fig. 3.3. In this standard picture, the
surface tension decreases at the hot region relative to the cold region, which leads to a
flow along the surface of the drop that is directed from the hot to the cold side. This
drives the outer fluid to travel towards the cold side and the drop to migrate up the
temperature gradient, by reaction. This forcing has been demonstrated by experiments
and simulations [124, 88, 75] and it was not clear to us how the Marangoni effect could
generate a pushing rather than a pulling force on the interface. Moreover, optical forces
were ruled out for being too weak to trap a drop with a radius of a few hundred microns.

drop motionCOLD HOT

       flow

Induced external
Marangoni

flow

Figure 3.3: Classical view of a “swimming drop” which is subject to a temperature gra-
dient. In the classical picture, drops migrate to the hot side.

However, the puzzle begins to clarify when particles are suspended in the fluids in
order to trace the flows, as shown in Fig. 3.4. Surprisingly, the flows are directed towards
the hot region, indicating an anomalous Marangoni effect which causes an increase in
surface tension with temperature. Owing to the linearity of the Stokes equations, one
therefore expects that changing the sign of the Marangoni flow will lead to changing the
sign of the force on the drop. This indicates that the origin of the repulsive force on the
drop may be of Marangoni origin, given that the flows are directed towards the hot region
along the interface.

The hydrodynamic model that was developed assumes a circular water drop placed
in a narrow gap with infinite lateral extent. This is similar to the Hele-Shaw model,
although we will look for the effects of shear on the drop, meaning that we will look for
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